Classification of local conservation laws of Maxwell's equations 
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Abstract 



■ A complete and explicit classification of all independent local conservation 

> 



laws of Maxwell's equations in four dimensional Minkowski space is given. 



O 

00 . Besides the elementary linear conservation laws, and the well-known quadratic 

O . 

conservation laws associated to the conserved stress-energy and zilch tensors, 
. there are also chiral quadratic conservation laws which are associated to a new 

^ (— | conserved tensor. The chiral conservation laws possess odd parity under the 



electric-magnetic duality transformation of Maxwell's equations, in contrast 
to the even parity of the stress-energy and zilch conservation laws. The main 
result of the classification establishes that every local conservation law of 
Maxwell's equations is equivalent to a linear combination of the elementary 
conservation laws, the stress-energy and zilch conservation laws, the chiral 
conservation laws, and their higher order extensions obtained by replacing 
the electromagnetic field tensor by its repeated Lie derivatives with respect 
to the conformal Killing vectors on Minkowski space. The classification is 
based on spinorial methods and provides a direct, unified characterization of 
the conservation laws in terms of Killing spinors. 
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I. INTRODUCTION 



Conservation laws play an important role in physical field theories by determining 
conserved quantities for the time evolution of the fields. For free electromagnetic fields, 
Maxwell's equations exhibit a rich structure of conservation laws. The well-known Maxwell 
stress-energy tensor yields local conservation laws for energy, momentum, angular and boost 
momentum M which arise from Killing vectors associated to the Poincare symmetries of 
flat spacetime. In addition, because of the conformal invariance of Maxwell's equations, 
the stress-energy tensor also yields local conservation laws arising from conformal Killing 
vectors associated to conformal symmetries of the spacetime. Interestingly, Maxwell's equa- 
tions possess another physically significant conserved tensor, given in its original form by 
Lipkin's "zilch" tensor ||, and subsequently generalized in Refs. This tensor yields 

additional local conservation laws and corresponding conserved quantities arising from con- 
formal Killing vectors. The physical meaning of these conserved quantities is discussed in 
Ref. 0. 

More recently, new conserved quantities have been found by Fushchich and Nikitin || 
through an analysis of quadratic expressions in the electromagnetic field variables whose 
integrals are constant in time on the solutions of Maxwell's equations. These quantities 
correspond to local conservation laws associated with a new conserved tensor which is in- 
dependent of the stress-energy and zilch tensors. The new conserved tensor is physically 
interesting since, as we point out here, it possesses odd parity, i.e. chirality, under the du- 
ality transformation interchanging the electric and magnetic fields. Hence, in a remarkable 
contrast to the stress-energy and zilch conservation laws, which are invariant under the du- 
ality transformation, the new chiral conservation laws distinguish between pure electric and 
pure magnetic fields. 

All these conservation laws and underlying conserved tensors have extensions obtained 
by replacing the electromagnetic fields by their repeated Lie derivatives with respect to 
conformal Killing vectors. (See, e.g. Ref. ||). The resulting set of all such higher order 
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local conservation laws yields an infinite number of conserved quantities. This proliferation 
of conservation laws raises the immediate questions: Do Maxwell's equations admit any other 
independent local conservation laws? Can a unified account be given of all the different local 
conservation laws and associated conserved tensors? 

In this paper we answer these questions by presenting a direct, unified classification 
of all local conservation laws of Maxwell's equations in flat spacetime. As a result of our 
classification, we are able to show that every local conservation law which is quadratic in 
the electromagnetic fields can be expressed as a linear combination of the stress-energy and 
zilch conservation laws, the chiral conservation laws, and their extensions. Moreover, we 
show that Maxwell's equations have no other local conservation laws apart from elementary 
ones which are linear in the electromagnetic fields. 

Our method is based on the general approach described in Refs. f9|-|TTH for constructing 



local conservation laws for any field equations. In this approach, all local conservation laws 
can be obtained from adjoint symmetries which are solutions of the formal adjoint equations 
of the determining equations for symmetries. Ordinarily, there are additional constraint 
conditions which an adjoint symmetry must satisfy in order to yield a conservation law; 
however, we show that as a consequence of linearity of Maxwell's equations these conditions 
can be by-passed in the present case. 

The determining equations for adjoint symmetries of Maxwell's equations can be ele- 
gantly solved by spinorial methods. The solutions are characterized in terms of symmetric 
spinorial tensors, called Killing spinors, which were first used by Penrose [0 to construct 
first integrals for null geodesies in black-hole spacetimes. Killing spinors also play a central 
role in twistor theory as the principal parts of trace-free symmetric twistors ||13|| . In flat 



spacetime, Killing spinors have an important factorization property in terms of twistors. 
This allows for a simple classification of all adjoint symmetries, which is pivotal in our anal- 
ysis of local conservation laws of Maxwell's equations. In particular, Killing spinors lead to 
a unified derivation of the stress-energy and zilch conservation laws together with the chiral 
conservation laws. 



In Sec. we establish some notation and summarize our main classification results. In 
Sec. |TTT| we describe our method. We present the details of the classification analysis in 
Sees. [V] and |V|. In Sec. |VT| we translate between the tensor form and spinor form of our 
classification results. We make some concluding remarks in Sec. |V11| . Throughout we use 
the index notation and conventions of Ref. [|T3[]. 

II. MAIN RESULTS 

The free Maxwell's equations for the electromagnetic field tensor F (x) = —F v (x) in 
four dimensional Minkowski space M 4 = (R 4 ,7]) are given by 

& k F ia ,(x) = v, &'*F ia ,(x) = o, (2.i) 



where, in the standard Minkowski coordinates x 11 , d u = d/dx^ is the coordinate derivative, 

\u = \ 18 dUal ° f F ^ W 



*F = \e F aT is the dual of F , e B is the spacetime volume form, and indices are 



raised and lowered using the spacetime metric 77 and its inverse rf . The structure of ( |2.1| ) 
explicitly displays the symmetry of the field equations under the duality transformation 

F -»• *F , *F — > —F . (2.2) 

Let J q (F), < q < oo, denote the coordinate space 

J*(F) = {(^.F^F^,...,^ )}, (2.3) 



where each q-jet (x^, F 0fMU , F 0fil/ai , . . . , F 0fJiU(Ti „ ) G J Q (F) is to be identified with a spacetime 
point x 11 = x^ and values of the field tensor and its derivatives at x 11 = x^, 



Fo^ ai ... ap = d ai ---d ap F tMU (x o ), 0<p<q, (2.4) 



where the notation ( |2.4j ) with p = stands for F Qfil/ = F^(x ). Let R(F) denote the solution 
space of Maxwell's equations, which is the subspace of J 1 (F) defined by imposing the field 
equations ( |2.1| ) on F (x). The derivatives of the field equations ( j2.1p up to order q define 
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the g-fold prolonged solution space R q (F) C J q+1 (F) associated with Maxwell's equations. 
Let be the total derivative operator 

D^d. + ^F^^d/^, (2.5) 

q>0 

where d F a ^ ,T1 " Tr are the partial differential operators satisfying 

( KfjZ ^ r = q, 

d F ^ T1 ~ Tr F^ v .. aq = * V] K (2.6) 

I 0, if r 7^ g. 

A local conserved current of Maxwell's equations is a vector function \P M defined on some 
J q (F) satisfying 

= on R g (F). (2.7) 

We refer to the integer q as the order of The conserved current ( |2.7| ) is trivial if 

tf" = D V QT on some iF(F), (2.8) 

where G Miy = — are some functions on J P (F). Two conserved currents are considered 
equivalent if their difference is a trivial conserved current. We refer to the class of conserved 
currents equivalent to a current as the conservation law associated with The smallest 
among the orders of these equivalent currents is called the order of the conservation law. 

We now write down the stress-energy, zilch, and chiral conservation laws of Maxwell's 
equations. On M 4 let be a conformal Killing vector [14j] and Y^ v = —Y Ufl be a conformal 
Killing- Yano tensor These are characterized, respectively, by the equations 



The solutions are polynomials in the spacetime coordinates x^, 

£ M = + a-}* 1 ' x v + a^x 11 + x^ — -ai'x (T x a , (2.10) 
= a^ u + a 6 ^x^ + a 7 ° x T + a^x^x a + ^a/ u x u x a , (2.11) 

with constant coefficients 



ai , a 2 = —oil ,0:3,04 = — a 5 , aie , «7 ,"8 = — «8 • (2-12) 

There are 15 linearly independent conformal Killing vectors (|2.10|) and 20 linearly indepen- 
dent conformal Killing- Yano tensors ( |2.11|) on M 4 . 



The stress-energy and zilch conservation laws are, respectively, given by 

*£(F; = F^FJ? - \F v °F va e, (2.13) 

tt£(F; = ^(£/Jf - , (2.14) 

where 

Wop = ? F aP ,„ - ^[aO^, A*^, = r*^ aACT - 2(d [a n*F ^ (2.15) 

are the standard Lie derivatives of the electromagnetic field tensor and its dual, with respect 
to the vector field £ CT on M 4 . 

The chiral conservation laws are given by 

%(F; e, Y) = F ua (D^FjY v ™e + AF^ a (D u C^F a/3 )Y^ aal3 

+ \F ua {^F a ^Y^ + ^F^F a0 )dX ]aaP , (2-16) 



where 



yvaafi __ yvoyap _ yv[ayf3]a _ ^Wl^y ^]y T l <T ] _|_ \^ a r ^ (T Y (2 \J} 



The current ( 2.16|) is equivalent to the first order current 



-IF^FjdY^V + iF^F^Y^ 
-If^F^Y*"*. (2.18) 



In addition to the quadratic conserved currents fl2.13|) , (|2.14|) , (|2.16| ) and ( |2. 18|) 



Maxwell's equations also possess linear conserved currents given by 

^(F; W, W) = W V F^ + W U *F^, (2. 19) 



where the vector functions W v (x), W v {x) satisfy the adjoint Maxwell's equations 

The previous linear and quadratic conserved currents each have higher order extensions 
given in terms of repeated Lie derivatives on the electromagnetic field tensor. Let 

ifU*) = ( C c) n F^x), (2.21) 



where F (x) satisfies (|2.1|) . It follows from the linearity and conformal invariance of 
Maxwell's equations Q2.1Q that if ( a is a conformal Killing vector then F^ „„(a?) satisfies 
Maxwell's equations. Consequently, the replacement of F (x) by F^ ^(x) in any con- 
served current of order q produces a conserved current of order q + n, for all n > 1. 

Theorem 2.1. Let £ be a conformal Killing vector \2. 1 Oj ) and Y be a conformal Killing- 
Yano tensor l \2.11\ ), let W v (x), W v {x) be solutions of ( \2.2Q ), and define 



^(F;t) = %(Ff;t), (2.22) 

^ n) "(F;0 = *z(^ B) ;0. (2-23) 

^(F-£,Y) = %(F^-t,Y), (2.24) 

^(F^,W,W) =^(F^;W,W). (2.25) 



These are non-trivial conserved currents of Maxwell's equations of order n, n+1, n+l, 
n, respectively. 

Remark : The current ¥™ )fl (F;£,W,W) is equivalent to * W (F; (-£ c ) n W, (-C^) n W), 
which is of order 0. 

The extended currents in Theorem 2.1 can be obviously generalized using Lie derivatives 
with respect to distinct conformal Killing vectors £ x , . . . , C in place of a single repeated con- 
formal Killing vector in ( |2.21| ). However, this generalization does not lead to any additional 



independent currents. 
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Theorem 2.2. Every local conservation law (2.7) of order q > of Maxwell's equations 



is equivalent to a linear combination of the currents 



4 ni> (F;0, ^"(Fjfl, ^V^), K(F;W,W), (2.26) 



involving a sum over conformal Killing vectors £ and conformal Killing- Yano tensors Y for 
each ni,n2, n%, with < n± < q, < 7i2 < q — 1, < 77,3 < g — 1, and solutions W, W of the 



adjoint Maxwell's equations ( \2.20\) . 



Through substitution of the expressions (|2.10| ) for conformal Killing vectors £ and ([2.1 1|) 



for conformal Killing- Yano tensors Y, the currents ( [2.22|) , (|2.23|) , (|2.24j) become homoge- 



neous polynomials of degree 2n + 1, 2n + 2, In + 3 in the arbitrary constants (|2.12|) . The 
coefficient of each monomial of these constants yields a conserved current, some of which, 
however, are not independent. A complete, explicit basis of independent currents of order 
q > is given later in Theorem 6.5 by using the null tetrad formalism for conformal Killing 
vectors and conformal Killing- Yano tensors as described in Sec. |VT[ 

Proposition 2.3. The set of stress- energy conservation laws ( \2.1c\ ) is a 15 dimensional 
vector space that admits a basis in which 4 have no explicit dependence, 7 are linear, and 
4 are quadratic, in the highest degree terms in x^ ; 

The set of zilch conservation laws \2. 14) is a 84 dimensional vector space that admits 
a basis in which 9 have no explicit x M dependence, 20 are linear, 26 are quadratic, 20 are 
cubic, and 9 are quartic, in the highest degree terms in x^ ; 

The set of chiral conservation laws ( \2. 1 (\) is a 378 dimensional vector space that admits 
a basis in which 24 have no explicit x^ dependence, 54 are linear, 72 are quadratic, 78 are 
cubic, 72 are quartic, 54 are quintic, and 24 are sextic, in the highest degree terms in x M . 

In general, forn > 0, there are \{n + l) 2 (2n + 3) 2 (4n + 5) linearly independent conserva- 
tion laws arising from ([2.22 ), |(n + 2) 2 (2n + 3) 2 (4n + 7) linearly independent conservation 
laws arising from ^2.23\ ), and |(n + l)(n + 3)(2n + 3)(2n + 7)(4n + 9) linearly independent 



conservation laws arising from ([^ 



S 



Theorems 2.1 and 2.2 combined with Proposition 2.3 and Theorem 6.5 give a complete 
and explicit classification of all non-trivial local conservation laws of Maxwell's equations. 

We obtain conserved tensors from the stress-energy, zilch, and chiral conservation laws 
by first setting to be a constant vector, Y ar to be a constant skew-tensor, and then 
factoring out ^Y UTal3 . In fl2.13|) and ( j2.14|) , this directly leads to 



T\{F) = F»°F va - \6»F™F Ta , (2.27) 

Z\ P {F) = F^*F aM - *F^F aM , (2.28) 

which are, respectively, the well-known stress-energy tensor and Lipkin's zilch tensor. In 
( [2.18] ), after some lengthy manipulations, we extract the expression 

^^ua/3ar( F ) = F afi^ F ar,v + F aT,^ F af3,u ~ ^ F [a\ [<j^ F t] \/3],u + ^V[a\[a F Vfr/ F \/3],v 

+ 3l l[a\[a F /3] 7 , Mi?7 |r]^ + Va^Vr]^^ ,u ~ K( F apj F aT,j 

A 1 A 

- F [ a \[^ F r]\l3} n + 3V[a\{a F T]~/, ^ \f3],\ + 1^1 ^ r\fi F ^\ F ^ ,p) » ( 2 - 29 ) 

which we call the chiral tensor. 



Theorem 2.4. On the solutions of Maxwell's equations (&1 ), the tensors T pu (F^), 
Z^ up ^F^), y^ va ^ cjr (F^) , forn > 0, have the properties 



DT^ u = 0, = T (H , T M =0, (2.30) 



DZ"" p = 0, Z ^ = Z (^) 5 z w =0, (2.31) 



£) y/»-aj3oT _ g y^vaj3(JT _ y{iiv) [<xr] [a/3] yfiv[af3(TT] _ q y/ivaf3(T _ g ^ 32^ 

Moreover, under the duality transformation ( \2.3J , T^ v and Z tivp have even parity, i.e., are 
invariant, while y^ ua P UT fi as odd parity, i.e., is chiral. The same invariance properties extend 
to the currents ^? )m (F;0, ^T )m (F;0> ^^(F;^Y) for all n > 0. 
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III. PRELIMINARIES 



Given a conserved current ( |2.7|) of order q, one can show that there are functions R fJj r7l '" crp , 
Rff 1 '"** on J q+1 (F) so that W identically satisfies 

V= E (^■■ CTp ^V,... P + V 1 -- CTp *^V,.. CT J- (3-1) 

0<p<q 

An application of the standard integration by parts procedure M then leads to an equivalent 
conserved current, which for convenience we again denote by ^ and which has order at most 
2<7 — l, identically satisfying 

V = + Qv* FliV ,n (3-2) 

for some functions Q u on J r (F) for some r < 2g. We refer to the pair Q = (Q u , Q u ) as 
the characteristic of the conserved current and call the integer r the order of Q. If $ M is 
a conserved current equivalent to then Q is called a characteristic admitted by $ / \ 

A function if defined on some J P (F) is a total divergence if and only if it is annihi- 
lated by the Euler operators E%(H) = Eo< k < P (-^) k D ai ■ ■ ■ D a d/ V ' av " ak (H). Hence, all 
characteristics Q of order r are determined by the equation 

E^(Q p F af3 a + Q p *F af3 a ) = on some J*(F). (3.3) 

After some manipulations, this equation yields 

D { »Q u] + *D^Q u] = £ (-l) fc ^ 1 ---^(g^'-- CTfc ^ + ^/ 1 -- CTfc *^) (3-4) 

0<fc<r 

on J P (F), where 

qf^~ a * = d/ u ' ai - ak Q p , qf^-^ = d/ v ' ai - ak Qp, < k < r, (3.5) 

are the coefficients of the Frechet derivative of Q„, Q„. The solutions of the determining 
equations ( |3.4|) for r > are the characteristics for all conserved currents of Maxwell's 
equations. Furthermore, given a solution Q = {Q V ,Q V ), one can invert the Euler operator 
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equations ( |3.3|) by applying a standard homotopy operator (see PJlOll) to obtain an explicit 
integral formula for a current ^ in the characteristic form ( |3.2| ). 

From the determining equations ( |3.4| ), we see that, on solutions of Maxwell's equations, 
all characteristics Q of order r satisfy 

D { ,Q v] + *D^Q v] =Q oniT(F). (3.6) 

These equations are the adjoint of the determining equations for symmetries of Maxwell's 
equations H|l6~ll. We refer to them as the adjoint symmetry equations and we call functions 
P = (P V , PJ) defined on J r (F) satisfying 

D^Pu] + = ™R r (F) (3.7) 

adjoint symmetries of order r of Maxwell's equations. Note that the gradients 

P v = D vX , P u = D„Z (3-8) 

for any functions x-> X on some J P (F) are trivially a solution of ( |3.7| ). We call P an adjoint 
gauge symmetry if it agrees with ( |3.8| ) on R P (F), and we consider two adjoint symmetries 
to be equivalent if their difference is an adjoint gauge symmetry. The order r of an adjoint 
symmetry P is called minimal if it is the smallest among the orders of all adjoint symmetries 
equivalent to P. If P is not equivalent to an adjoint gauge symmetry then we call P non- 
trivial. 



One can easily show that if a characteristic Q agrees with gradient expressions ( |3.8|) when 
restricted to solutions of Maxwell's equations, then it determines a trivial conserved current 
(2.8) with 0^ = xF + X*^ ■ The resulting conservation law reflects the well-known 



divergence identities 

D,(F"\ u )=0, /y*F^) = 0, onJ 2 (F), (3.9) 

which express the conservation of electric and magnetic charges in the free Maxwell's equa- 
tions. Consequently, we call a characteristic Q trivial if 
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Q u = D uX , Q U = D»X, on B?(F) (3.10) 

for some functions \i X on J P {F), an d we consider two characteristics to be equivalent if 
their difference is a trivial characteristic. 

Typically, as advocated e.g. in Refs. [§,|l0], the classification of conserved currents is 
based on first solving the adjoint symmetry equations and then verifying which of the solu- 
tions satisfy the determining equations for characteristics. However, a serious complication 
arises for Maxwell's equations. As we will see in Sec. M, in contrast to the evolutionary PDEs 
studied in Refs. PJlOl, Maxwell's equations possess equivalence classes of non-trivial adjoint 



symmetries all of which fail to satisfy the determining equations (|3.4| ) and, hence, are not 
characteristics of conserved currents. More importantly, adjoint symmetries that are equiv- 
alent to the characteristic of a conserved current typically also fail to satisfy (|3.4|) . Thus, for 
a complete classification of characteristics, one needs not only to find the equivalence classes 
of adjoint symmetries, but also to determine whether each class admits a representative that 
satisfies the determining equations ( |3.4| ). 

Here we circumvent these difficulties by employing a variant of the standard integral 



formula for constructing a conserved current from its characteristic [|IT| , |T8|| . Let 
$"(P) = f 1 dX(P v {x, XF, XdF, Xd q F)F >lu + P w (x, XF, XdF, . . . , Xd q F)*F^), (3.11) 

J 

where P = (P u (x, F, dF, . . . , <9 9 F), P u (x, F, dF, . . . , d q F)) is a pair of functions defined on 
some J q (F), and d p F stands collectively for the variables F ^ ai ... ap , P > 0. 

Proposition 3.1. Let P = (P u ,P i/ ) be an adjoint symmetry of order q of Maxwell's 
equations. Then $^(P) is a conserved current of order q of Maxwell's equations. If P is 
equivalent to the characteristic Q of a conserved current then the current $ M (P) is 
equivalent to In particular, if P is equivalent to a trivial characteristic, then $^(P) is 
a trivial current. 

Proof 
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The proof of the first and third claims amounts to a straightforward computation and 
will be omitted. As to the second claim, suppose that Q = (Q v , Q v ) is the characteristic of 
a conserved current \E^. Using (|3.4|), we see that 

D^(Q) = f dX(Q u (x, XF, XdF, Xd Q F)F flu ^ + Q v (x, XF, XdF, AW)*^ 

J 

+A E (-^ k D ai ---D(q va f^( X ,XF,XdF,...,Xd^F)F^ ilM 



cti a k yiva/3 

0<k<q 

+% a p 1 - ak {x, XF t XdF, Xd*F)*F^^)F aP 
A repeated integration by parts yields the expression 
D^(Q) = f dX((Q u (x, XF, XdF, Xd«F) 

J 

0<k<q 

+ (Q u (x, XF, XdF, . . . , Xd q F) 

0<k<q 

where T u vanishes on solutions of Maxwell's equations. Now, an application of the funda- 
mental theorem of calculus to the above integral gives 

D M $"(Q) = QyF^ p + Qj-F^v + D u T u on some J? + \F). (3.12) 

Thus by Q, the equation D^{Q) = D ^ + T M ) holds identically on Jp +1 (F). Conse- 
quently, we have (see, e.g. [|T9| , pO| ) 



$"(Q) = ^ + T* 1 + DJST on JP(F), (3.13) 

for some functions = — G^ M . Thus, since T M = on i? p_1 (F), we see that $ M (Q) and 
are equivalent conserved currents. □ 

We emphasize that, as a consequence of Proposition 3.1, one can completely classify all 
non-trivial local conservation laws of Maxwell's equations by the following steps: 

(i) classify up to equivalence all adjoint symmetries of Maxwell's equations; 

(ii) use formula (|3.11p to construct the conserved currents arising from the equivalence 



classes of adjoint symmetries found in step (i); 
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(iii) determine all equivalence classes of the conserved currents found in step (ii). 

We carry out step (i) in Sec. [TV] and steps (ii), (iii) in Sec. |V[ In step (iii) we first calculate 
a characteristic admitted by each conserved current in step (ii) and then we determine the 
equivalence classes of these characteristics; finally, we find all equivalence classes of conserved 
currents by employing the following result. 

Theorem 3.2. There is a one-to-one correspondence between equivalence classes of con- 
served currents and equivalence classes of characteristics for Maxwell's equations (\2.1\ ). 

Corollary 3.3. Let P = (P U ,P U ) be an adjoint symmetry of Maxwell's equations. If 
P is not equivalent to the characteristic Q of the conserved current $^(P) ; then P is not 
equivalent to the characteristic of any non-trivial conserved current of Maxwell's equations. 

To prove Theorem 3.2 we start with a preliminary result. 

Lemma 3.4. Suppose H is a function defined on J g (F) with the form 

H= E (^/ 1 --- CTp ^V 1 .... P + ^/ 1 '-- ffp *^V 1 .... p ), (3-14) 

0<p<g-l 

where M^ ai '" ap = M^ ai "' ap \ M fl ai '" C7p = M^ ai '" av \ p > 0, are some differential functions 
on J q (F). If H vanishes identically on J q (F), then, forp = 0, 

M M = 0, M M = onR q -\F), (3.15) 

and there are functions N' 71 -' 7 ? = N^ 1 -^ , N ai - a p = fifa-vp) on jq(f) so that for all 
1 < p < q — 1, 

M^-'p = S^ 1 N a2 ~ Cp \ M/ 1 "'^ = 5j° l N a2 - ap) onR q ' l (F). (3.16) 

Proof of Lemma 3.4- 

First note that we only need to prove the first equation in both ([3] 
the second equation follows from the first one by duality. 

Apply the partial derivative operator Q^ 13 ' 11 -^ to ( |3.14j ) and restrict the resulting ex- 
pression to R q ~ 1 {F) to obtain 
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) and (p. 16) since 



M a(7i-7 P -i^7 P )/3 _ M /3(7i-7p-i^7p)« + ^{ll-lp-l e ^p) a P - Q on R1- l (F). (3.17) 

When p — 1, equation ( ^.17| ) immediately shows that M M = on Now suppose 

that p > 2. In equation ( ^.17| ), on one hand, symmetrize over the indices a, 71, . . . , j p and, 
on the other hand, contract over the indices f3, 7 P and then symmetrize over a, 71, . . . , 7 P _i 
to see that 

j^-(a7i-7 p _i^7p)/3 _ j^-/3(7l---7p-i^7p«) j j\^(a7l"-7j>-i) _ ~ ^ ^(7i-"7p-2^7 p -iq0 ; (3.18) 

on R q ~ 1 (F). By combining these equations, we have that 

MPili-lP-irjlpa) _ ^T_ Mr r(7i-7 P -2 ?7 7 P -i« ?7 7 P )/3 = q on R^ 1 (F) . (3.19) 



Next choose a covector X 7 e T*(M 4 ). Then equation ( |3.19| ) yields 



(M/?7i-7p-i _ P — !m t t7i ->-V?- i/3 )X 7i • • -X^ = on R q ~ 1 (F), (3.20) 



whenever X 7 X 7 7^ 0. By continuity, equation ( |3.20|) holds for all X 7 e T*(M 4 ) and thus 



M /37i-7p-i = ?__ Mr r(7i-7 P -2 77 7 P -l)^ Qn RQ-^F). (3.21) 



This proves the first equation in (|3~T6|) with N 171 '-^- 2 = ^M^ 1 "^- 2 . □ 
Proof of Theorem 3.2. 

By Proposition 3.1, a conserved current with a trivial characteristic is itself trivial. Con- 
versely, suppose that is a trivial conserved current in the characteristic form ( |3.2|) . Since 
^ = D V QT on some R q {F), there are functions RJ 1 ' ^, R V T1 - T * on J 9+1 (F) so that 

& = D v & a, + {Rr^F T \ Tav _. ap + Rr^^F T \ Tav _^ onJ" +1 (F). (3.22) 

0<p<<? 

Note that we can manipulate the term R u flcri "' crp F TU rai ^ by using the identities 

(R A" T l fJ 2--0"p D {pUTlCT2---CT v )\pTV _ 2P p [/iO-l](T2--Crp^lT^ 

V " " / ,TC\C2--(Jp _|_ " ,T(Jl(T2---fTp 

= D f JP-^^i]^-^^ ^h^-^r . (3.23) 
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The two terms in the final equality in ( |3.23|) can be incorporated, respectively, into the terms 



D^Q^ and R v ^ ai "' (Tp ~ 1 F TV rai a _ i in ( |3. 22| ) . Hence it is clear that by proceeding inductively 



we can arrange the coefficient functions R v ^ ai "' <Tp , R v ^ ai "' ap in ( |3.22| ) to be symmetric in their 
upper indices: 

R v ^- a " = R^ C1 - C "\ R v w-*p = R v (Mn"^p) i l<p<q. (3.24) 
Now, since ^ satisfies Q , we have by ( gjg ) that 



Y: ((D,R u ^ — + R*~- )F T \ Tai ... av + {D,R v ^ p + R u ^ p )*F T \ Ta \ (3.25) 
on J q+2 (F), where 

RJK-r* = 0, R U T1 '- Tp = 0, if p > q + 1 or p = 0. 



Then Lemma 3.4 together with equations ( 3.24 ) and ( |3.25| ) implies that there are functions 
N ai - a ", N^-^p so that on R q+1 (F), 

D^R/ = Q v , D ^ i R v flC71 '" e7p + R v ai '" e7p = Sjf 1 N (T2 "" ap \ l<p<q, (3.26) 

and similarly, 

Dj&S = Q u , D ix R v (J,ai "' ap + R u CT1 '" CTp = 5 { J 1 N U2 - <Jp \ l<p<q. (3.27) 
It is easy to see that these equations lead to 

Q* = M E {-i) p D ai ---D ap N^~°* 

0<p<q-l 

Q» = D »{ E (-l) p D ai ---D ap N^-° p ), oni^ +1 (F). 

0<p<g-l 

Thus Q = (Q , Q^) is a trivial characteristic. □ 
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IV. CLASSIFICATION OF ADJOINT SYMMETRIES 



We solve the adjoint symmetry equations ( |3.7|) by spinorial methods. Fix a complex null 



, , j HT751 u • AA' r ,. r- • \iv AA' BB' AB A'B' .,, . u 

tetrad |]13| basis tor 77^, satisfying ff e e v = e e , with the inverse e AA ,, 



where e AB is the spin metric. In spinor form Maxwell's equations ( |2.1| ) become 

d B AI (j) AB {x) = 0, d A 4) A , B ,{x) = 0, (4.1) 
where (p AB is the electromagnetic spinor defined by F e 11, AA ,e BB , = 4 > AB e A'B l + ^A'b^ab 



and d AA , = e AA ,d is the spinorial derivative operator. The duality symmetry (|2.2|) of 
Maxwell's equations corresponds to the transformation 



AB 



-^AB, <t>A'B> ^ i( t>A'B'- ( 4 - 2 ) 



We let 



°i- C P _ 1 F M "A! cnC[ °p C 'p I a o\ 

r ui/,<n-i7„ e AA' e B e C1 e C p ' 



Ci-Cp _ Ip P M . . . P a P°P (AA\ 

, r uv.at-tr^ AA' C B ,fi C, e CL \^-^) 



A'B' ,C' X —C' p ~ 2 wo-i-o-p AA' £' 



denote the spinor components of the jet variables F ... a , p > 0. We write 



1 Ci"'Op 1 (C"i'"C p ) 7 Ox-- Op 7 (Ci---Cp) 

VLBCi-Cp ~~ ^(AB, Ci-Cp) ' ( rA'B'C' 1 -C' p ~ ^(A'B', C[-C p ) 



(4.5) 

for the symmetric derivative variables, using the convention that ( |4.3| ) to ( |4.5[ ) with p = 

- C —C 

stand for 4>a'b'- R- eca U that the symmetric spinor variables 4>abCi--c p together with the 

independent variables x CC = e^ C x^ form a coordinate system on the space of solutions 



of Maxwell's equations (see [13]). Thus, J q {F) and R q 1 (F) C J q {F) admit the spinor 
coordinates 

j q (F) = {(x cc \ <j> AB} <j> AB £\ . . . , (4-6) 

and 

R q ~\F) = {{x CC \ cf> AB , (PabCi ' - , 4>ab%:%)}- (4-7) 
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One can easily verify that Maxwell's equations are locally solvable, that is, for every 9- jet 

0&o , 4>oAB, • • • , <f>oABCi-c q ) G R q ~ l {F), Q > 1, there is a solution <p AB = <^ AB {x) of 

such that 9 C J ■ • • d c p (p AB (x ) = (f>oABcl-Gpi — V < Q- This is a consequence of the the fact 

that <f) AB , 4> A 'B> an d their symmetrized derivatives form an "exact set of fields" for Maxwell's 

equations, as discussed by Penrose P~5[ . 

Let d^ AB C qi . C (Ji be the partial differential operators defined by 

(A B) (d c p ) (*? i^) 

o ABd-Cpf, n~K\_) e (D e E) € (F 1 e F q ) € (C 1 € C' p ) > 11 P ~ ?i r n 



0, if p ^ q; 

^/ B q:§fe^:?p = o, (4.9) 



and let (9^ B ^...^ be the complex conjugate operator 



rs A B C X ~C V _ rj ABd-Cp /. 

a «i .Ci-Cr, ~ u d> .C',-CL' l^- iu J 

.4' 



,Ci - c P _ ^ ,c;-q, 
Let -D^ be the spinorial total derivative operator on J°°(F) given by 

A — e A fi A + Z^lv 9 DE,AFi...F 9 ° <j> ,F[...F' + V 9 AF!...F q U <j>D> E' ,F{...F') ■ 

<3>0 

Note, due to the commutativity of partial derivatives, .D A satisfies the identities 

Oa M '=0, <c'A4 a = 0. (4.12) 
In spinor form the adjoint symmetry equations ( |3.7|) simply reduce to 

rf A >V*)B = on ( 4 - 13 ) 

where we have written 

?aa> = P/aa* + iP^AA' on r(F) . (4.14) 

We refer to the solutions P AA , of equation ( |4.13|) as spinorial adjoint symmetries of order r. 
Note that adjoint gauge symmetries ( P-IQ ) correspond here to the gradient solutions 

Paa> = D a , aX , (4-15) 



A' 

which satisfy the curl equation D^ C P A ^ A , = 0. 

Our classification of adjoint symmetries P AA , makes use of Killing spinors. Recall that 
Killing spinors k ^ ...j^ — 

) of type (k, I) are the solutions of the conformally 



invariant equations 13 



^4;:if ) ) = o. (4.i 6 ) 

For k — I — 1, this equation is the conformal Killing vector equation JT3, and for k — 0, 1 — 2, 



the self-dual conformal Killing- Yano equation Hence a type (1,1) Killing spinor 



corresponds to a complex conformal Killing vector £ M = e MA x K A'> wnne a type (0, 2) Killing 
spinor k a , b , corresponds to a complex conformal Killing- Yano tensor = e^ A A e uAB k a , b , 
satisfying the self-duality condition *Y flu = iY^ u . These are polynomial expressions in the 
spacetime coordinates x CC , specifically, 

C A _ A A AB' AB B' AB 

q A , — OL\ A i + OL2X A , + Ot3 A , B ,X + 0:4 X A 'B ' a §B X X A'B'i 

Y A'B' = a §A'B' + a 7 A(A' X B') + a &AB X A> X B' ' (4-17) 

where &i AA ,, a 2 , a 3A , B ,, a 4AB , a 5BB ,, a eA , B ,, ct 7AA ,, ct$ AB are constant symmetric spinors. 
The following Lemma, which will be pivotal in our classification analysis, is a special case 
of the well-known factorization property |13|] of Killing spinors in Minkowski space M 4 . 

Lemma 4.1. A symmetric spinor field £a'^!' ^ s a Killing spinor of type (k, k) if and only 

1 k 

if it can be expressed as a sum of symmetrized products of k Killing spinors of type (1, 1). 
A symmetric spinor field Y A } \ A ^ is a Killing spinor of type (fc, k + 4) if and only if it 

1 fc+4 

can be expressed as a sum of symmetrized products of two Killing spinors of type (0, 2) and 
k Killing spinors of type (1, 1). There are -^(k + l) 2 (k + 2) 2 (2k + 3) linearly independent 
Killing spinors of type (k,k), and -^(k + l)(k + 2){k + 5)(k + 6)(2k + 7) linearly independent 
Killing spinors of type (k, k + 4), over the complex numbers. 
CC 

Let ( be a Killing spinor and define 

\ab = l e \ A > eUA 'b(CF^, t ~ 2{d^C)F v] r) = ( CC '<Pab,cc> + d c(AC CC '<P B )c^ ( 4 - 18 ) 
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which stands for the spinor components of the Lie derivative ( |2.15 ) of F with respect to 



( T = e T cc ,( CC . As a consequence of the linearity and conformal invariance of Maxwell's 
equations ( |4.1|) , one easily sees that, for any solution 4> AB (x) of ( |4.1| ), n^ AB (x) is also a solu- 
tion. We remark that, geometrically, vr^^ represents a conformally weighted Lie derivative 
of <p AB (see 0). 



Given any adjoint symmetry of Maxwell's equations, we can obtain a family of higher 
order adjoint symmetries by the action of conformal symmetries on 4> AB . Let 

^ c = (\AB)d (t> AB + (\A'B')d/ B \ (4.19) 

which is the conformal symmetry in evolutionary form |§, defined on J 1 (F), and let prX^ 
denote the prolongation of to J°°(F). Then, if P AA , is any adjoint symmetry of order r, 
the linearity of the adjoint symmetry equation (|4.13| ) implies that prX^P^, is an adjoint 



symmetry of order r+1. This can be iterated any number of times using conformal symmetry 
generators prX , prX , etc. Note that [prX , prX ] = prX, ,, where [C-mCq] denotes 
the commutator of conformal Killing vectors £ 1; ( 2 , which is again a conformal Killing vector. 

Proposition 4.2 Let £ AA , (f A , . . . , ( AA and ^ A i B i C i D i be Killing spinors. Then the spinor 
functions 

U AA ,(<t>;0 = tU AB , (4.20) 

V AAI {<p] k) = K A , B , c , D ,(i) B C A + -{d A K A , B , c , D ,)<j) C D , (4.21) 

are adjoint symmetries of order q = and q — 1, respectively. Hence their extensions 

U AA ,% Ci, • • • , Q= i E P r x c s(1) • • • W X^Ujwifr 0, (4-22) 
P' seSp 

V aa ,[k,(i, ■■■,(?} = \ E P rX C s( i) ■■■W^ s{p) V aa ,{4)]k), (4.23) 
P- ses p 

are adjoint symmetries of order q = p and q = p + 1, respectively, where S p denotes the 
symmetric group on the index set {1, . . . ,p}. Furthermore, and ( 4-2S\ ) are equivalent 



to non-trivial adjoint symmetries with highest order terms given by, respectively, 
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C_1 \Pf B t Cl ■ ■ ■ t ° p <h C ' v " C 'v (—V9k AE x ,E p ),B'C'D'E' x -E' v (A OA) 

\ l ) ?(A'Sic; SpC' v ) ( rABCx-Cp ' I l ) K (A'B'C'D'S>1E' 1 ^pE' p )V AE V -E P ' \^-^> 

whenever £, d, . . . , ( p , k are non-zero. 

The proof of Proposition 4.2 is based on straightforward computations which will be 
omitted. 

Hereafter we use the notation in (|4.22|) and ( |4.23|) with p = to refer to ([4.200 and ( [4.211) . 
We now let u AA ,(x) be a spinor field satisfying 

d( A >"B>)B = 0, (4.25) 

and we call W AA , [u] = uj aa , an elementary adjoint symmetry of Maxwell's equations Q4.1]) . 

Theorem 4.3 Every adjoint symmetry P AA , of order r of Maxwell's equations (U-A) is 
equivalent to a sum of an elementary adjoint symmetry W AA , [u] and a linear adjoint sym- 
metry given by a sum ofU AA ,[£,(i, ■ ■ ■ i Cp] an d V aa'\. k i Qii ■ ■ ■ i Bq]> 0<p<r,0<q<r— 1, 
involving type (1, 1) Killing spinors £, Q, qj and type (0, 4) Killing spinors k for each p, q. 

Proof. 

By replacing P AA , with an equivalent adjoint symmetry we can assume that P AA , depends 
only on x CC and 4>abCi-c p P i ® — V < r ; i- e -; F ' aa 1 ls a function in the coordinates of 
_R r_1 (F) C J r (F). 

Let ip AB = ip AB (x) be a solution of Maxwell's equations. Define the linearization operator 

T -V(w K[-K' AB Ky-K Ki—K p r\ A'B' K[—K p \ 

p>0 

where tpjj^^ = d*\- ■ ■ d*y AB , V a >b>k\---kI = d K[- " " ^Pa'b'^ which are each sym- 
metric spinor fields. Note that, for any adjoint symmetry P AA i of order r, the linearization 
^tpAA' = aa 1 a g a i n satisfies the adjoint symmetry equations 

^Wi = onRr{F). (4.27) 

K' "'K f K ---K 

By the local solvability of Maxwell's equations, the coefficients of iPijKvKp' ¥i'J'k[-"-K'-> 
< p < r + 1, in equation ( |4.27|) must vanish. Thus, we find that for p = r+1 the coefficients 
yield the equations 
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(AIJ Kl .-K r ) _ - I'J'K[...K' r _ , . 

Pb> K'-K' t — U ' PB'(A Kx—Kr) — U > l 4 - z °J 



'1 "r 



and for 1 < p < r, the coefficients yield the equations 

n B <r> IJKi—K p (KpIJKi—Kp-i) _ n nr(rp\ (a qqN 

LJ (A'Pb i )B K[-K p t (K p \(A'PB') K 'i- K 'p-i)~ ^ " l 4 ' ZJ J 

D (A'Pb')b K v ~Kp + e (A> Pb')(k p Kr-Kp.0 = ° on _R (F), (4.30) 
while for p = the coefficients yield the equations 

= °> ^r^Bo/" 7 ' = ° ° n ( 4 - 31 ) 

where we have written 

IJKi -K p _ a IJ Kx -Kp-p ~ I'J'K[-K p _ I'J' K[-K' , . 

PAA' K[-K v ~ °<j> jK^—K'p AA'i PAA' K x -K v ~ ° <$> ,K 1 -K p t AA> '> U — P — r - l 4 -^J 

Note that P^A' 7 ^'-- ^' Paa' 7 J kI-kI are spi nor functions of order r in the coordinates 

of i?' r_1 (F) C J r (F) and are symmetric separately in their primed and unprimed indices 
excluding A, A 1 . 

By reduction of P AA / JI ^' [I'.k* j Paa' 7 J k\-kI i n ^° symmetric components, we find that the 



solution to the equations in Q4.28Q is 

IJKx-Kr _ (J JKv-K r ) (I JKv-Kr) /, ooX 

P AA' K' 1 -K r ~ t A PlA> K[-K' r ~T~ L A t A'(K[P2 K' 2 -K' T )i \%.00) 

I'J'K[-K r _ _ I'J'K[-K r (/' _ J'K[-K' r ) , x 

, JKv-Kr JKv-Kr ~ I'J'Kl-K'r ~ J' K\-K' r , . . r r 

where p 1A , K ,... K , r , p 2 k' 2 --k^ Pia> k 2 -k^ P2 k\—k t are symmetric spinor functions of 
order r depending only on the coordinates of i? r_1 (F) C J r (F). Next we substitute the 
expressions ([4 . 3 3|) and ( 4.34 ) into equations fl4.29|) and Q4.30D with p = r and symmetrize 



over primed indices in the resulting expressions. This yields the equations 

D^P 1BI J K f^ = 0, ^p/ /,J '£:S = on R r (F). (4.35) 

A straightforward analysis of the highest order terms in (|4.35|) shows that the functions 
Pib^^k'- ^k 1 1 P\ B 1 J kI-kI mus t om Y depend on x CC and, consequently, are Killing spinors 
of type (r + 1, r + 1) and (r — f , r + 3), respectively. 
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From equation ( |4.33|) we have that 



^ipAA'~ Pi A' K'i-K'JPaJKv-Kt + e AK 1 PlA' K 2 -K r fl'J'K[-K, 



K'-K; 



I'J'K[-K' r _ K v -K r 



JKi-Kr K[--K' r _ J'K[-K' r _ i^-K^ 

+e A'K[P2 K' 2 -K' r ^AJ Ki-Kr + e AKiP2 K 2 --K r L f ) A 'J' 'K[-K' r + ^ AA' 



(4.36) 



where -f/^A' involves the derivatives of ip TJ , (p^ji of order at most r — 1. Now by Lemma 4.1, 
Vxa^^k'-^k' anc ^ P\ A 1 1 kI-kI are respectively sums of symmetrized products of r + 1 type 
(1, 1) Killing spinors, ^(a>(ik\ ' ' ' Crjf'); anc ^ °f a tyP e (0' 4 ) Killing spinor and r — 1 type (1, 1) 



(A'I'J'K' K' )\ ) 

Killing spinors, k 1 6i(k 2 ' ' ' Qr-iK r y Consequently, by ft4.24|) in Proposition 4.2, there 



K) 



is an adjoint symmetry P AA , equivalent to a sum of adjoint symmetries U AA ,[£; Ci, • • • , Cr]> 
V AA , [k; Qi . . . , Q r -i] such that the terms involving derivatives of order r of the spinor func- 
tions ipjj, (pjiji in the linearization L V Y AA , agree with the first two terms on the right-hand 
side of equation ( |4.36| ). Thus, after subtracting P AA , from P AA , we get an adjoint symmetry, 
which we again denote by P AA ,, with the property that 



p JKx-K r K[-K' r _ J'K[-K' r _ Kv-Kr rr (a o 7 \ 

r v AA' ~ e A'K[P2 K'^-K'JP AJKx -Kr + e AK^2 K^-K^ A' J' K' v -K' r + U AA', l 4 -^ 



where Haa 1 involves the derivatives of (p u , ip VJ , of order at most r — 1. 



Now, in equation (]07|) observe that <p AJKl .% r r = d A ^ JKl 7 2 '-Z^ Va'A^k, 



KL-KL 



AK 2 ---K r 



xA - 



K[K' 2 -K r 



Consequently, our next goal is to show that there is a differential func- 



CC C ■■■C l 

tion x of x and 4>abcv-cI ' ■> < p < r — 1, so that the terms involving derivatives of 



order r of <£> 7J , (p rj , in L^D AA ,\ and in (|4.37| ) agree. For this to hold, it suffices to show 



that the functions P2 IJ k\-..kI p 2 ! J Kv-kI-x are °f or der r — 1 and satisfy the integrability 
conditions 



o PQ Ki— -Rr-i UK! 
°<f ,B! x -B! r _JPl K[ 







P'Q' fl'x -K-i Uifi 
> ,Ri-R r -iP2 K[ 



P'Q' R' 1 --R' r _ 1 _ /'J'ifJ 
°> ,R 1 -R r - 1 P2 K x 



K r -X 

KL , 
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7" J Ki 



i^r-l PQRl-Rr-l 

K' P2 R'-R' 

r — 1 1 r — 1 

if r _!~ p'Q'K-K-i 

K' r _ x P2 Rx-Rr-V 



/'J' -ffi--fC;_! _ P'Q'R' r -R' r . 
°^ ,Kx-K r -xP2 



Rx-Rr-x- 



(4.38) 
(4.39) 
(4.40) 



In fact, if equations ( |4.38[ ), ( |4.39| ), ( f4.40| ) hold, then one can verify that a function x with 
the desired properties is given by 
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C" •••C" 

where <9 P stands collectively for the variables 4>abCi-cI ' ■> P — ®- 

The proofs of conditions (|4.38| ), ( |4.39|) , ( |4.40| ) are based on like computations. We will 
therefore prove the first one and omit the proofs of the others. 

From equation ( [4.37|) we have 

PAA> K[ ~K' r ~ fc A t A'(K[P2 K' 2 -K' r )- V±- 4 -U 



Now substitute (4.41) into equation ( [4.29 ), contract on the indices B',K[, and symmetrize 



over the indices A', K r 2 , . . . , K' r to obtain 

U (A'P2 K' 2 -K' r ) ~ ~P(A> K' 2 -K' r ) 011 K )• K 4A2 ) 



The terms of highest order in ([4.42 ) arise from p 2 1 k'-k> which is of order at most r. Thus 
an application of h '..r> +1 and its complex conjugate to ( |4.42j ) yields 



* (PQRx -Rr Rr+i)(I n JKiKa-Kr) _ n ( A A%\ 

u 4> AR'yK K+i)( A ' P2 K ' 2 - K r) ~ ' l 4 - 4 °J 

p, (P'Q' R^—R^ (I JKuXr-Kr) K+i) _ n /, AA \ 

°4, ,{R x -Rr e R r+x ) P2 (K'-K> T e A') - U ' (4.44J 



Now choose a pair of spinors o A , i A such that o A i A 7^ 0. Then equations fl4.43j ) and ( 4.44[) 
yield 

R 1...0 R 'rT K l...T K r ... , , .... Q PQ Rl-Rr JK lK2 -K r _ 

° 01 1 °P°Q°R 1 °R r i J L K 1 L K r U 4> ,R' l - R' r P2 K' 2 -K' T ~ U ' 

- - - - -K' 2 -K Ri R r o P'Q' R'l - K JK\Ki-K T n lA Aa \ 

°P' Q' R' 1 ---°R' r i ■■• L -~° L J L Kl --- L K, d t ,Rv..Rj>2 K 2 -K>=°- ( 4 - 46 ) 

By continuity, these equations hold for all spinors o a ,l a , and hence yield 

« PQRx-Rr IJKvKr-i _ n R P'Q' R'^-R' IJKi-K r -i _ n (AA7 ^ 

°<j> ,R' r -R' r P2 K' v -K' r _ x - U > °4, ,Rx-rJ > 2 K'y-K 1 ^ ~ U " I 4 - 4 ' J 

Thus V% IJ k[.'?k'~\ ls °f order r — 1. 



We now return to Q4.42|) and apply ^[''^ to obtain 
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MiPa QRiRa-Rr) n \JKxK 2 -K r ) _ R PQRi~Rr n (IJKiK 2 -K r ) /a aq\ 

t (A'\(R' 1 t U <t> ,R' 2 -R' r )P2 \K' 2 -K' r ) ~ u <j> ,R\-R' r P{A' K' 2 -K' r )- {<i.*±0) 

On the right-hand side of this equation we first use (|4.32|) and the commutativity of partial 
derivatives followed by substitution of ( |4.41|) to conclude that 



r.PQRi-Rr IJKiKa-Kr _ c (P\I o JKi K 2 -K r \QRxR 2 -Rr) ( A AQ\ 

u 4> ,R' 1 -R' r PA' K' % -K< T ~ e (R' 1 \A' e ° 4> ,K' 2 -K'Vl \R' 2 -R' T Y [t.tX) 

Substitution of Q09I) into QP5D gives 



(I\{P R QRi Ba-Rr)- \JKiKa-Kr) _ (P\(I R JK X K 2 -K T ) \QR 1 R 2 -R r ) e n \ 

t (A'\(R' 1 t U <f> ,R' 2 - R' r )P2 \K' 2 -K>.) ~ t (R' 1 \(A' t ° <f> ,K 2 -K^P2 \R' 2 -R' r )- V*- ou J 

Finally, an analysis similar to that for Q4.43Q using spinor pairs o A , i A directly leads from 
( |4.50| ) to equation (|4.38|) , which completes the proof of the integrability condition for exis- 
tence of x- 

In summary, we have shown that given an adjoint symmetry P AA , of order r, there is an 
adjoint symmetry P AA , equivalent to a sum of U AA! [^\ d, . . . , £ r ], V AA , [k; Qi, . . . , g r -i], and 
a differential function x with the property that the linearization L^Haa' of the difference 
Haa 1 = Paa' ~ AA' ~ D aa'X involves derivatives of ip u , <Ppji only up to order r — 1. Thus, 
due to the local solvability of Maxwell's equations, it follows that Haa' when restricted 
to i? r_1 (.F) C J r (F) is of order at most r — 1. By the linearity of the adjoint symmetry 
equation (|4.13| ), we then conclude that the adjoint symmetry P AA , is equivalent to the sum 
of P AA i and an adjoint symmetry Haa 1 of order at most r — 1, where Haa 1 is a function in 

K' K' 

the coordinates of R r ~ x {F) C J r (F) given by replacing all the variables 4>ab K\ k v v ^ n Haa' 

k' K' 

by the symmetric variables 4>abki P — ®- 

Now we proceed inductively by descent in the order of P AA ,. In the last step we see 
that P aa' i s equivalent to a sum of the linear adjoint symmetries ( |4.22|) , < p < r, ( |4.23|) , 



< p < r — 1, and an elementary adjoint symmetry ( |4.25| ). This completes the proof of the 
Theorem. □ 



25 



V. CLASSIFICATION OF CURRENTS 



In this section we give a complete classification of the local conservation laws of Maxwell's 
equations and explicitly exhibit a basis for them in terms of conformal Killing vectors and 
conformal Killing- Yano tensors. 

We start with some preliminaries. Let £ , £ be type (1, 1) Killing spinors, let 
K A'B'CD' ^ e a tyP e 0) Killing spinor. We define derivatives of £ and k a , b , c , d , with 
respect to ( by 

Cf°' = C EE 'd EE ,f C ' - f E 'd EE ,( CC ', (5.1) 
V 

It is straightforward to verify that, as a consequence of the conformal invariance of the 

-» /-CC' i r* 

and Lj 



£( K A'B'C'D' ~ C ^EE' K A'B'C'D' + ^(^F(A'C ) K B'C'D')E' o (^CC'C ) K A'B'C'D'- (5-2) 



Killing spinor equation fl4.16|) , and ^^^a'b'cd' are Killing spinors. 



Write 

A AA' = ^AB,A'> ^AA' = ^A'B'.A ' (5-3) 

so that the solution space R(F) is given by A AA , = 0. One can then easily verify using the 
conformal symmetry ( |4.19| ) of Maxwell's equations ( |4.1| ) that 



P rX ? A AA' = ( CC ' D CC' A AA> + ( d AA'( CC ) A CC> + (^CC'C^ ') A AA' 

= (£[ + idivC)A A1/) (5.4) 

and similarly that 

v a AA' >CC' n a AA' /r> *AA'% a CC" . , a ,CC\ A AA' 

prX c A =C D CC ,A -(d cc ,( )A + (<9 CC ,C )A , 

= (^ + divC)A AA ', (5.5) 

where div ( = d cc ,( CC , and where denotes the natural lift of the standard spinorial Lie 



derivative operator fl3| to spinor functions on J°°(F). 
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A. Equivalence classes of conserved currents 



We now proceed to determine the equivalence classes of conserved currents arising from 
the classification of adjoint symmetries in Theorem 4.3. 

In spinor form a conserved current ty AA = ty^e AA with the characteristic form 



satisfies 



D AA ,* AA ' = Q AA ,A AA ' + Q AA ,A AA ' , (5.6) 
where Q AA , = (Q„ + iQ^J^AA' stands for the spinorial characteristic of ^> AA . If § AA is 

AA' 

a conserved current equivalent to \1/ , then Q AA , is a spinorial characteristic admitted by 

AA' 

$ . For any linear adjoint symmetry P AA ,, the conserved current arising from formula 



( [3. 11| ) is given by 



$ = ~2 B'^ +2 F b0 ■ ( 5 - 7 ) 

Let £ CC , C^ C , . . . , (p C be real Killing spinors, let ^a'B'cd' ^ e a Killing spinor, and 
let uj cc , be a spinor field satisfying ( }4.25| ). The conserved currents obtained from the ad- 
joint symmetries U AA ,[£, Ci, • • • , Q, AA ,[£, Ci, • • • , C P ], v aA k i &>•••> CJ, W^'M through 
formula ( |5.7| ) are given by, respectively, 

*f [e, c 1; • • • , g = d, • • • , g^' B ' + ^' te, d, • • • , gO, (5.8) 
< % c v ■ ■ • . g = ^ [e, Ci, • • • , g^' B ' - ^' k, d, - , gA (5-9) 
^'[«, d, • • • , g = ~(^, d> • • • , g^' B ' + ^'[k, d, • • • , gO, (5.10 

xM'r 1 i Ti'B' . —A'.AB /eii\ 

®W M= UJ B' ( P + UJ B ( P ■ (5-11) 



Lemma 5.1. The conserved currents \5. 8j ), ( |5. dj ), \5.1(\ ), ( \5.11\ ) admit, respectively, the 
spinorial characteristics 



QL'te, d, • • • , g = \{u AA ,[^ Cv-, g + (-i) p E E 

Z V a=0seSp 



a!(p — a)! 
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qL k> d, - , g = ^ (^te, d, • • • , g + (-i) p+1 E E 

Z V a=0 se5 p 



- o)!^'^) ' ' ' ^sj' Cs(a+1) ' ■ ■ ■ ' Cs(p)] )' (5 ' 13) 



a!(p-o)! 

, pJ 2 



qL'[«, c v ■ ■ ■ > g = c a , • • • , g + e E 



r^AA'[^c ' " £-r , C(a+l); • • • j Cs(p)] )' (5-14) 



a\(p - a)! ' AA '^ sW %.)"'' Ss ( a+1 )' ' " ' Ss ^- 



Qax'M= w aa'» ( 5 - 15 ) 

where S p denotes the symmetric group on the index set {1, . . . ,p}. These characteristics are 
adjoint symmetries of order q?, qz, Qv, Qw, where 

qx = p, if p is even, q T < p, if p is odd, (5.16) 
qz = p, if V is odd, qz < p, Hp is even, (5-17) 
Qv — P + 1) if p is odd, <2V < p + 1, if p is even, (5.18) 

and qw = 0. In particular, for p = 0, Q AA ,[£] = U AA ,[£] is of order qr = 0, and Q AA i[Q — 
QL'M = °- 

Remark: It follows from Corollary 3.3, Proposition 4-2, and Lemma 5.1 that 

£W£,Ci,---,C 2r+ i], iU AA ,[Z,(v-,( 2 rl ^ AX ,[K,C 1 ,...,C aP ], ^>0 (5.19) 

are non-trivial linear adjoint symmetries, respectively of order 2r + 2, 2r + 1, 2r + 1, none 
of which is equivalent to the characteristic of any non-trivial conservation law of Maxwell's 
equations. 

To prove Lemma 5.1 we begin with a preliminary Proposition whose proof is based on 
straightforward albeit somewhat lengthy computations and will be omitted. 

Proposition 5.2. The adjoint symmetries (\i-22\) and ( JJJfW satisfy the equations 



Df A/ U B , )B [^]=^ A ,A BI)B , (5.20) 



(A' w B')BLsJ — ^(A'^B')l 

D B V \k]--k D C 'A dd ' - ~A DD 'd C 'K (5 211 

(A' B')Bi \ ~ A'B'C'D' D ^ D A'B'C'D'i [O.ZL) 
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„| E £(; ^AA'[£> C(l)> • • • > C a (p-1)] — 

4 E ^ £ c e, • • • , c s(p _ 1} ] + ^ [e, d, • • • , g, (5.22) 

3 E ^AA'[ K > C a (l)> ■ ■ ■ J C s (p-i)] = 

^ E y A*[ £ ( «>C a( i),---,C a (p-i)] +V r AA ,[K,Ci,...,CJ- (5-23) 
Proof of Lemma 5. 1 . 

The proof is based on similar computations for each spinorial characteristic. We therefore 
will prove the claim only for the characteristic Q^ a ,[k, £ v . . . , £ J and omit the rest. 



First by ( |5.10| ) we have 



d aa K a ' [*, d, • • • , g = k& AB 'v AB , [«, d, . . . , g + a ba '^ [«, Ci, ■ ■ ■ , c, 



2 

TA'B'nA,, r > > n nA'-"- 



^>ab' [*, Ci, ■ ■ ■ , g - r K V ba , [*, Ci, ■ ■ ■ , CJ)- (5-24) 



We recall ( [4. 23| ) and use equations ( |5.21| ) and ( |5.4j) together with the fact that D^, commutes 
with pr to obtain 

{Df A ,V BI)A [K,C v ---,CM A ' B ' 



- £ (prX • • -prX D? a ,V b , )a [k 



(A' B')Al 

A'B' 

t A ,,\ ,,,, , /V| jo 

P \ ^ V MD <•.(„, 

- ^ (prX ..-prX {-k a , bicid ,D d A - -d D k a , b , c , d ,A 
pi seSp MD Mp) o 

3 E (-^Wi?'c'D'(P rX c -"PrX A DD ')^' B ') 

pi seSp mi) Mri 

+ (prX ---prX k DD '){K A , BIC , DI $ A ' B '% + ~d%K A , B , c , D 4 A ' B 

Ml) Mp) " O 



p! se5 „ c s(u 



= "l£((£? +divC)---(£f +&™qa dd, )v dd \k]+d aai t a 1 a \ 

p! seSp Mi) Mp) 

(5.25) 

where f AA is a trivial conserved current. Next we integrate by parts and use the identity 
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(/£ + div C ) (A DD ' V D D , [k] ) = D^C^'A^V^M) (5.26) 



to see that 



TAB 



(D {A ,V bi)a [k, c 15 • • • , C p ])0 

PI se c ^(1) ^( P ) 



where is a trivial conserved current. Now a repeated application of (|5.23|) yields 

{Df Al v B , )A [K,( v ---,( p ))4> A ' B = 



v 



1 



-D' E E S^gfA M V M ,[£ Vi) ■ • ■ £ ;-wK , Q« +1) , ..„ C, w ] + ^.,Tf . (5.27) 



We substitute equation (|5.27|) and its complex conjugate into (|5.24j ) to conclude that 
$y A [k, £ v . . . , ( ] admits the characteristic ( |5.14j ). 



Finally, by equation ( |5.14|) and Proposition 4.2, we see that Q^ A , [k, ( v . . . , C p ] is equiv- 



alent to an adjoint symmetry with the highest order term 



-(( l) p 1)C(C( ' ' ' Ccl K A'D'E'F')^ ACi-Cp- (5.28) 



Hence we immediately obtain ( [5.18 ). □ 



A conserved current \I/ of order q is linear/quadratic if it can be expressed as a ho- 

K'—K' 

mogeneous linear /quadratic polynomial in the variables 4>u kI-k P ■> — P — Qi an d complex 
conjugate variables. Let the weight of a monomial be the sum of the orders of these vari- 
ables, and let the weight of a linear /quadratic current \1/ be the maximum of the weights 

AA' 

of the monomials in \1/ . This weight is called minimal if it is the smallest among the 

AA' 

weights of all quadratic currents equivalent to \P 

AA! 

Proposition 5.3. A conserved current ^ is equivalent to a linear / quadratic current 

AA' 

of minimal weight w if and only if admits a characteristic Q AA > equivalent to an 

elementary/linear adjoint symmetry P AA i of minimal order w. 

Proof. 
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First, by Proposition 3.1 and Theorem 3.2, the equivalence classes of linear/quadratic 
currents correspond to the equivalence classes of elementary/linear characteristics. Let ty AA 
be a linear /quadratic current of minimal weight w, and let P AA , be an elementary/linear 
adjoint symmetry of minimal order p equivalent to a spinorial characteristic admitted by 

AA' 

. We now show that w = p. 
By the standard integration by parts procedure |§, one can show that ^> AA admits the 
spinorial characteristic 

HAA> - 2^y~ l ) e CA U E 1 U E r \Zrr^ °4> ,(E[-E^ A')B - °4 ,E' x -[E' r ^A'\B)^ {O.ZV) 
r>0 

AA' 

which is of order q where q + 1 equals the weight of D AA ,^ . Since this weight is at most 
w + 1, we have q < w. Now since Q AA , is equivalent to P AA >, which has minimal order p, 
it immediately follows that p < q and hence p < w. On the other hand, by Proposition 3.1 
we have that ^ is equivalent to a current of weight p, and hence w < p since ^ has 
minimal weight. Thus we conclude w = p. □ 

Theorem 5.4. Every conserved current of Maxwell's equations ( fj . ]\ ) is equivalent to the 
sum of a linear current and a quadratic current. The equivalence classes of linear currents 
are represented by the currents 

K A 'n (5.30) 



where u satisfies equation ( \4-25] ). The equivalence classes of quadratic currents of weight 



w 



are represented by sums of the currents 





• ) C2J' 


< r < 


[w/2], 


(5.31) 


[CCr,- 


• ' C2r+ll 


< r 


<[(w-l)/2], 


(5.32) 




• ' ^r+l] 


, < r 


< [w/2] - 1, 


(5.33) 



involving type (1, 1) real Killing spinors £, and type (0, 4) Killing spinors k for each r. In 
particular, up to quadratic currents of lower weight, a quadratic current of minimal weight 
w is equivalent to a sum of currents given by ( \5.3J\ ) for r = w/2 and ( 5. 83/) for r = w/2 — l, 
if w is even, or ( |5. 33j ) for r = (w — l)/2, if w is odd. 
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Proof. 



AA! _____ 

Let \I/ be a conserved current satisfying ( p.6[ ). Recall from ( p.6| ) that the spinorial 



A-A' ________ 

characteristic of \I/ satisfies the adjoint symmetry equation ( |4.13| ) so that, by Theo- 



rem 4.3, Q AA i is equivalent to a sum of the linear adjoint symmetries (|4.22|) , (|4.23|) and the 
elementary adjoint symmetry (____). Thus by Proposition 3.1, ^> AA is equivalent to a sum 



of linear and quadratic conserved currents. 

Clearly, by Theorem 3.2 and Lemma 5.1, any linear current is equivalent to a current 

< A 'n 

AA' AA' 

Next, by Lemma 5.1, the quadratic currents $ T [£, ( v . . . , C], $ z [£, Ci? ■ ■ ■ > CJj 



^y 4 [ K ? Cu C21 ■ ■ ■ ' Cp_i] °f order p > have the respective weights 



= p, wz < p, wy = p, if p is even, (5.34) 
wt < p, wz = p, wy < p, if p is odd. (5.35) 

Consequently, by Proposition 5.3 together with Theorem 3.2 and Lemma 5.1, we see by 



using induction on p that the currents ( |5.31| ), ( p.32| ), ( |5.33| ) span the equivalence classes of 



quadratic currents ifr AA of weight at most w. □ 



Remark: The currents $ T [£] yield the stress-energy conservation laws ( 2.13j ), the 



currents [£, £] yield the zilch conservation laws ( 2.I4 ), and the currents <&y A [k,£\ yield 



■A A' 



the chiral conservation laws ( 2.16 ), in spinorial form 



Write for the real vector space of equivalence classes of linear currents ( |5.30| ), write 



V w for the real vector space of equivalence classes of quadratic currents of weight at most 
w, and write V 2r , V 2r+1 , V 2r+2 for the respective real vector spaces of equivalence classes of 
currents spanned by ( p.31| ), ( |5.32| ), ( |5.33| ), for a fixed r > 0. We remark that these spans 
contain non-trivial lower weight currents and consequently it is convenient to define the 
following quotient spaces of quadratic currents. Let 

< = Vl A/f = vf, M V 2 =V V 2 , (5.36) 



and define, for r > 1, 
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^ = vJX._ a , K + i = K + i/K-v <+2 = K + 2/<- (5-37) 

Finally, write K r for the real vector space of real Killing spinors of type (r, r), and write 
/C rs for the complex vector space of Killing spinors of type (r, s), regarded as a real vector 
space. 

Let be a quadratic conserved current in V T 2r © V^,. By Theorem 3.2, Lemma 5.1, 
Proposition 4.2 and the Killing spinor factorization result of Lemma 4.1, we see that any 

AA' 

current equivalent to \I/ admits a spinorial characteristic Q AA , which is equivalent to a 
linear adjoint symmetry of order 2r of the form 

AA' ^A'C[—C' 2r .TABCi—C2r ~*~ K A'B>C'D>C[-C! ir _ 1 < l } ACi-C 2r -i n AA'i \O.OO) 

where ^%c'"-C' * s a rea ^ Killing spinor of type (2r + 1, 2r + 1), K^B'&iyc' ■■■C' * s a Killing 
spinor of type (2r — 1, 2r + 3), and where H AA i is of order less than 2r. It follows from (|5.38|) 

I . At 

and the identities (|4.12|) that the highest order terms in the spinorial curl D, C Q A -> A , of Q, AA i 
are given by 

,B Cl -C 2r : A'C[-C 2 Ct-Cr-i -A'B'C'D'C' X -C' 2r _ x 

^A'C' 1 -C' 2T < rABCC l -C2 r ~r l% A'B'C'D'0' 1 -0' 2r _ 1 c P ACCx-C 2r -i {O.OJ) 



on R 2r+1 (F), and hence the Killing spinors in ( 5.38[) are unique for the class of conserved 



currents equivalent to ty AA . This yields a linear map 

hr '■ V 2r © V\ r — > /Cf r+1 © /C 2r _ 12r+3 , /2r(^) = (CA'q-cf r ' ^WcvD'CJ ■••C'^_ 1 ) ' (5-40) 

which is well defined on the equivalence classes of currents in V 2r © V 2r . 

Next let ^ AA be a quadratic conserved current in V 2r+V Similarly as above, we can 

AA 1 

show that any current equivalent to \I> admits a characteristic Q^/ which is equivalent 
to a linear adjoint symmetry of order 2r + 1 of the form 

f aa> = ' l ^c[- C ctl^ABcl--cTrti + Haa '' ( 5 ' 41 ) 
where ^ A i<ji ...<y +1 * s a rea ^ Killing spinor of type (2r + 2, 2r + 2), and where H AA i is of order 

1 2r+l 



less than 2r + 1. From ( 5.41|) and ( [4.12[ ) the highest order terms in the spinorial curl of Q AA i 
are given by 
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.fBCl-Qir+1 1 A ' C [" C 2t+1 /r A 2 \ 



on R 2r+2 (F), and hence the Killing spinor in ( 5.41|) is unique for the class of conserved 



currents equivalent to ty AA . This again yields a linear map 

hr+x ■ V 2r+ i -> /C^. +2 , I 2r+1 (*) = Ca'c^-c^' ( 5 - 43 ) 

which is well defined on the equivalence classes of currents in V 2r+1 . 
Theorem 5.5. (i) The vector space V w is isomorphic to the direct sum 

K - ©!LV )/21 < + i ©K" 1] <+, (5-44) 

Moreover, for r > 0, the vector spaces ftf% r , N 2r+1 , N\ r+2 are respectively isomorphic to 
fcfr+i' ^2r+2' ^2r+i 2r+5 un der the mappings (\5.4C\) and (\5.43j )- Consequently, these vector 



spaces of conserved currents have the following dimensions over the real numbers: 



dimA/X = -(r + l) 2 (2r + 3) 2 (4r + 5), (5.45a) 
dimMl +1 = -(r + 2) 2 (2r + 3) 2 (4r + 7), (5.45b) 
dimA/X +2 = \[r + l)(r + 3)(2r + 3)(2r + 7)(4r + 9). (5.45c) 



3 

(mJ T/ie vector space Vq is isomorphic to the space of solutions to Maxwell's equations. 



Proof. 

To prove part (ii) of the Theorem, note that by Lemma 5.1 and Theorem 5.4, the 
equivalence classes of linear conserved currents are in one-to-one correspondence with spinor 
fields uj cc , satisfying ( |4.25[ ) up to gradient terms d cc ,X- But such spinors oj cc , correspond 



B' 

to potentials for the electromagnetic fields via <p AB = d, A u}™ B ,, while gradient terms uj cc , 



d cc ,x represent pure gauge potentials giving rise to the zero electromagnetic field, (p AB 

B' 

d, A d B s B ,x = 0. This establishes an isomorphism between solutions of Maxwell's equations 
and equivalence classes of linear conserved currents. 
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To prove part (i) of the Theorem, we note that the isomorphism (|5.44 ) follows from 



Theorem 5.4. Our goal now is to show that J\f 2r ~ ^2r+i> N 2r+1 — K- 2r +2^ •^2r+2 — 

^2r+l,2r+5- 

We first note that by construction I 2r and hr+i are linear maps which descend to 7V 2r © 
J\f 2 and jVf . respectively. Hence, in order to prove that they are one-to-one, it is sufficient 



2r J v 2r+l> 

AA 1 

to show that their respective kernels are contained in V 2r _ 2 and V 2r _ r Let \1/ be a 



quadratic current in V 2r ©V 2r admitting a spinorial characteristic Q AA , such that hri^) = 0. 
Hence we have CA'C'-c' r = and Ka'B'CWC[---c' = in (|5.39| ). It then follows from 
( |5.38| ) that Q AA , is equivalent to a linear adjoint symmetry P AA , of order less than 2r. By 

AA' 

Proposition 5.3 we see that \1/ is equivalent to a quadratic current of weight less than 2r 
and thus is contained in V 2r _ 2 © V 2r _ 2 by Theorem 5.4. Hence we conclude ker I 2r C V 2r _ 2 . 
By a similar argument we can show that ker l2 r +i C V 2r _ 1 . 

Therefore the mappings l2 r and /2r+i are one-to-one. Next, by the factorization property 
of Killing spinors in Lemma 4.1, it immediately follows that the mappings are onto. This 
establishes the required isomorphisms. 

Finally, the dimension counts of the vector spaces follow from Lemma 4.1. □ 

B. A basis 



We now present an explicit basis for the vector space V w of currents spanned by ( |5.31|) 



( |5.32| ), ( |5.33|) . We start by defining a basis of complex conformal Killing vectors and self-dual 



conformal Killing- Yano tensors as follows. 

Fix a spinor basis {o A , l A }, namely, o A and i A are linearly independent constant spinors 
satisfying o A i A = 1. Now let 

s-AA' A -A' ^.AA' A -A' pAA' A -A' ^.AA' A -A 1 , c Ar \ 

fo,i =oo, £ 02 =o l , 4 02 = i o , 4 03 = i i , (5.46) 

j-AA' A-A'-B' >.AA' A-(A'-B') j-AA' A-A'-B' Ar7 \ 

= X B'° ° > £l,2 = X B'° 1 ' ?1,3 = X B' L b > ( 5 - 47 ) 

■pAA' A' A B pAA' A 1 (A B) pAA' A' A B /- , x 

i lx =x B o o , £ 12 =x B o K l i lz =x B i i , (5.48) 
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C AA' AA' An , 

Si,4 = X > ( 5 - 49 ) 

^AA' A A' B-B> fAA' _ A A' B-B> pAA' A A' B -B' >-AA' A A' B-B' r n \ 

S> 2 1 — X q/X q O O . ^22 — X j^/ X O L . ^22 — X X q L O . ^23 — X q/X q L L ^ ^O.OUJ 

and 

y^-oV y AB -o (A i B) F AB -A B f5 5n 

2 0,1 — U U > 2 0,2 ~~ ° 6 > 2 0,3 ~~ 1 1 > \O.OL) 

■yAB _ (A B)-C V AB _ (A B)_C" y AB _ (A B) -C \rAB _ (A B)-C' 

V AB _ (A B) -C -D' V AB _ (A B) -C'-D' V AB _ {A B)-C'-D' ,r ro\ 



From equations ( 2.10 ) and ( 2.11 ) we have the following result. 



Proposition 5.6. The set of 15 spinorial conformal Killing vectors ([5.4$ to ([5. 5(\) is a 



basis for the complex vector space K 1 1 of type (1, 1) Killing spinors. The set of 10 spinorial 
conformal Killing- Yano tensors ([5. 51\ ) to ([5.5$ is a basis for the complex vector space K 2 



of type (2, 0) Killing spinors. 

To proceed, we state a preliminary result which follows immediately from Theorem 5.5, 
Proposition 5.6 and Lemma 4.1, and equation ( |4.2|) . 



Proposition 5.7. Let ^> AA be a current of weight q. Then ^> AA is equivalent to a 
quadratic current which is a polynomial of degree at most 2q + 2 in x and admits a 
unique decomposition into a sum of monomials each of which possess either even parity or 
odd parity with respect to the duality transformation t \4-2{ ). 

We now define a basis for V w inductively in terms of the weight < q < w and the degree 
< p < 2q + 2. Let V w = © V~, where and V~ denote the subspaces of currents 
with even parity (+) and odd parity (— ) respectively. We consider and V~ separately. 

To proceed, we first state the main results and then present the proofs afterwards. 

The basis for is indexed by s = q + 1 and p in addition to two pairs of integers (i, j) 
and (n, n') satisfying 

max(0,p — s)<i<j<p — i, < p < 2s, and (5.54) 



36 



< n < s — p + 2i, < n' < s — p + 2j, if i < j\ 

(5.55) 

< n < n' < s — p + 2i, if i = j. 

Write 

l — s — p + i, I' — s—p + j. (5.56) 
For each value of i, j, n, n',p, q, we define the stress-energy type currents when q is even, 

^T(i,j,n,ri;p,q)\£l> ■ ■ ■ >£g+ll = l^P B'i^V ' ' ' ' + ^B'l^V ■ ■ ■ > Zq+lD^ 

+1(Ub[£v ■ ■ • >e g+1 ] + U A B [^ ■ ■ ■ (5-57) 

+ffi[t v • • • - UbIL ■ ■ • >^+i])^ S > (5-58) 

if i 7^ j or n ^ n' , 

and we also define the zilch type currents when q is odd, 

^zti,j,n,n>- >P> q)[tli ■ ■ • > Zq+l] = «( U B'[Zl> ' ' ' ^g+ll + ^fl'^D ■ ■ • > £5+1])^'*' 



2 

~2 



-(^'[d, • • • ,e ?+1 ] + • • • ,e g+1 ])0^ (5.59) 



^ r z'(i,i,n,n';p,g)[^l' ' ' ' ' £q+l\ ~ l^P B'i^V ' ' ' > ^B'[£l> ■ ■ ■ > £q+l])4> 

1 



• • • >^ + il " U A B [^, • • • (5.60) 



if i / j or n 7^ n' 



where t/ A . . +1 ] = E^fo, • ■ • In ( fjJjTl) to (|5.6q) the set {£ v . . . ,£ +1 } consists 



of the conformal Killing vectors (|5.46|) , (|5.47| ), ( |5.49|) , ( |5.50| ) with each £ ab appearing 



times according to the following count formulas: 

#[£ J = min(n,Z,n'), (5.61) 

#[£ 2 ] = max(0, min(n — n',l — n 1 )), (5.62) 

#[£ 2 ] = max(0, min(n' — n,l — n)), (5.63) 
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= max(0, min(Z — n',l — n)), 


(5.64) 




= max(0, min(n' — I', I' — /)), 


(5.65) 




= max(0,Z' -/-(/'- n'\), 


(5.66) 


#[^i, 3 ] 


= max(0, min(/' — n', I' — I)), 


(5.67) 




= 3-(i+j + l + l')/2, 


(5.68) 


#£1,1] 


= #[e 1>2 ] = #[e 1|8 ] = 0, 


(5.69) 


#[£ 2>1 ] 


= max(0, min(n / — 21' + I, n — I)), 


(5.70) 


#[£ 2>2 ] 


= max(0, min(n — n + 2(1' — l),n — I)), 


(5.71) 


#[4 >2 ] 


= max(0, min(n' -n + 2(l- l'),n' - 21' + I)), 


(5.72) 




= i — max(0, n' — 21' + I, n — I). 


(5.73) 



Note that #[e 0il ]+#[e 0)2 ]+#[eo, 2 ]+#[e ,3] = 1, = j-i, #[£ M ] = 

p-i-h #[£ 2 ,l] + #^2 >2 ] + #[^ 2)2 ] + #K 2 , 3 ] = aIld SO Sa,6 #[£ a J = 5- 

Theorem 5.8 T/ie set 0/ a// currents ( \5.5Tj ) and ( \5.58[) for 0<p<2q + 2,q = 2r, 



< r < [w/2], together with (jO^) and rfjTgZj ) /or < p < 2q + 2, q = 2r + 1, < r < 



[(w — l)/2], constitutes a basis for V w . 

The basis for V~ is indexed by s = q — 1 and p in addition to two pairs and a triplet of 
integers (i,j,k), (n,n') and (m,m'), satisfying 

p' = p-k, 0<k<4, 0<p'<2s, (5.74) 
m&x(0,p' — s) < i < j < p' — i, (5.75) 



< n < s - p' + 2i, < n' < s - p' + 2j, if i < j; 
< n < n' < s — p' + 2i, if % = j; 

< m < 4 - k, < m! < k, if n = 0; 
m = 4 — k, m' = k, if n > 0. 



(5.76) 



(5.77) 



Write 
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l = s - p ' + i^ l' = 8 -j/ + j, h=[k/2]. (5.78) 
For each value of i, j, k, n, n', m, m',p, q, if q is even, we define the chiral type currents 

^+V(i,j,k,n,n',m,m';p,q)[Yl> ^2' £li • • • ' = B'i^i £lJ ■ ■ ■ ' £g-l] + ^B'D*) £l> • • • > 

[«, e x , . . . , e 9 _ii + [«, ei, • • • , e ? _i])/ B , (5.79) 



[«, ^, . . ■ , + ^ [*, • • • > eVi])^ fl » ( 5 - 8 °) 



and 



^ r +V'(ij,fc,n,n',m,m';p,g)[^l' ^2' £l> ■ ■ ■ j Cg-l] ~ n^B'^^V " " " ' ^B'[ K '£l> • • • > 

+^b' [*, fi, • • • , - V^b [*, f i, ■ ■ ■ , £ViD/ B > (5.81) 

^-V'(ij,fc,n,<m,m';p,g)IXl> ^2>£l> ■ ■ ■ j Cg-i] = 2^ B'l K ^V • • • ' €q-l\ ~ ^ B' i K ' £l ' • • • ' £g-lD^ 

[«, e 1; . . . , e ? -xi - ^b' [*, e 1; . . . , e ? _ii)/ B , (5.82) 

if i 7^ j or n 7^ n' , 



where = Y^ B Y^ D \ and V^'fo £ 1; • • • , £ g _ x ] = V%[k, £ 1; . . . , LJ. In CT) 



to fl5T%2p the set . . . , £ J consists of the conformal Killing vectors ( p^6|) , ( pT37| ), ( p^i9D 



( |5.5(J| ) with each £ ab appearing #[£ a6 ] times according to the previous count formulas (|5.61 ) 



to (|5.73|) , and, in addition, the set {Y v Y 2 } consists of the conformal Killing- Yano tensors 
Q5.51Q , (|5.52|) , Q5.53 ) with each Y a b appearing #[Y a b ] times according to the following count 



formulas: 



#[y 0>1 ] = min(2 + h-k, max(0, m + k — h — 2)), (5.83) 

#[F 2 ] = max(0, min(m, 4 + 2h - 2k - m)), (5.84) 

#[r 03 ] = max(0,2 + /i-A:-m), (5.85) 

J = max(0, m + k-4 + mm(k - 2h, m')), (5.86) 

2 ] = max(0, m + k - 4 + max(0, k — 2h — m')), (5.87) 
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#[^2,3] 



min(fc — 2/i, m') — max(0, m + k — 4 + min(/c — 2/i, m')), (5.88) 

max(0, k — 2h — m!) — max(0, m + k — 4 + max(0, k — 2h — m')), (5.89) 

max(0, m' - k + h), (5.90) 

max(0, k-m + min(0, 2m' - 2A; + 2/i)), (5.91) 

max(0,/i-max(0,m'-£; + 2/i)). (5.92) 



Note that #[r 01 ]+#[r 0i2 ]+#[r 0i3 ] = 2-k+h, #[y ljl ]+#[Y lj2 ]+#[y lj3 ]+#[Y lj4 ] = fc-2/1, 

#[F 2 J + #[y 2 „] + #[Y 2 J + #[Y 2 J = fc, and so #[^ a J = 2. 



Theorem 5.9 The set of all currents ( pT7^ ) to (jO^^) /or < p < 2q + 2, q = 2r + 2, 

< r < [u»/2] — 1 ; constitutes a basis for V~. 

The proof of Theorems 5.8 and 5.9 relies on the construction of an explicit basis for 
Killing spinors based on the factorization Lemma 4.1. 

Lemma 5.10 (i) For s > a basis for K,f s is given by the set of symmetrized products of 
conformal Killing vectors 



r (Ai £ A s ) -p (Ai p A a ) 



(5.93) 



• • • t&] - • • • if 3 orn ? n', (5.94) 



where £ v . . . , £ s are chosen by the count formulas j\5. 61\ ) to ( \5. 75j ) with p, i,j, n, n' satisfying 
and flO^I 

(ii) For s > a basis for K, A+S s is given by the set of symmetrized products of conformal 
Killing vectors and conformal Killing- Yano tensors 



v (AB V CD, A 1 c A s ) v (AB V CDp A 1 
1 1 1 2 S i(A[ ' " ^sA' s ) 1 1 1 2 Sl(A; 



• v (AB-y CDf A 1 

11 1 1 2 s^a; 



. A s ) . v {AB-y CDp A 1 
'^sA's) 11 1 1 2 Si(A' 1 



t A.) 
"Wi)' 



if i j or n 7^ n', 



(5.95) 
(5.96) 



where £i, ■■-,£„, Y \,Y 2 are chosen by the respective count formulas ( \5. 61\ ) to ( |5. 73j) and 
( \5. 83j ) to (\5.93j) with p, k, i, j, n, n', m, m' satisfying ( \5. 74\ ) to ( |5. 1% . 



Proof. 
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Let £^/\"^4/ be a Killing spinor of type (s,s). By the factorization Lemma 4.1, one can 
show that Ca("-a" * s a sum °f linearly independent monomials in x given by 

£-a\-a\ — ^2^(i,j,p)Al-Al( x ''y)i (5.97) 
with i,j,p satisfying i > max(0,p — s), j > max(0,p — s), i + j < p, and 

r A^-.As ( , _ (A 1 ---A p - i \Ev--E i \A p - i+1 ---A s )B 1 .--B i E[B[ E'.Br 

1 {hhP)A' 1 -A' s \ X ->l) - X E' 1 ---E' ] (A' 1 ---A' p _ j lA' p _ :j+1 ---A' s )B' 1 ---B' j e E 1 B 1 ' ' ' t E i B i t "' e > {O.JO) 

where x^V''^ = in!---Xnf, and where 1a^..^a ,B b'^b' ls a constant symmetric spinor. 

Ik lk 1 i' 1 j 

Note that the complex conjugate of each monomial in ( p.97| ) is T (ij,p)/^".^i ( x i t) = 
Hence, by setting 

T(n,n')c(...C'^. =° fc -■■ t C' .)> ( 5 - 99 ) 

we obtain a basis for the real vector space !Cf s , given by the Killing spinors 

Cv'-X = J2 ( r (ijJ»)4i»^( a: >7(n,n')) + ^jO^--'^ ( X >7(n,n')))> (5.100) 

and 

clC:!: = (i^^u^-A^^cn^o) - i %ijoil«-i;fo7W)))> when i j or « < 

(5.101) 

where i,j,p satisfy (|5.54j) and n,n' satisfy (|5.55|) . 



Now, by straightforward calculations one can verify that each conformal Killing vector 
product ( |5.93| ) for fixed i,j,p,n,n' in the count formulas ( p.61|) to (|5.73|) is equal to the 



monomial ^(ij, P )^"'.A'( x ^ 7(n,n')) + ^(j,i,p)A^'-.-A* ( x > 7(n,n')) P ms a certain linear combination 
of monomials T (i 1 ,j' ,p) -A'( x > 7(n,n')) + ^ (j'^'ip) A' ( a; > 7(n>™')) over smaller index values < 
i' < i, i' < j' < j. Similar calculations hold for each conformal Killing vector product 

( EH ) in terms of monomials '^{i,j, P )A\".A' s { x ^l{n,n')) ~ 7(ny)) ^ for i ^ j 

orn/ n' . Therefore, by induction on i,j,p, n, n', it follows that the set of conformal Killing 
vector products ( |5.93| ) and ( |5.94[ ) comprise a basis for K.f s . 



This completes the proof of part (i). The proof of part (ii) is similar and will be omitted. 

□ 
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Proof of Theorems 5. 8 and 5. 9. 



Let *ff AA be any of the currents ( |5.57| ), ( |5.58| ), ( |5.59| ) , ( |5.60| ). If q is even, we see by 



Lemma 5.1 that the highest order terms in the spinorial characteristic ( |5.12| ) admitted by 



\1/ are given by ( |5.38| ) with r = (s — l)/2, where Ca'c'-- c'' * s a Killing spinor as given 
in Lemma 5.10(i), and where ^^B'ajyc^-c'^ = ®- Similarly, if q is odd, the highest 
order terms in the spinorial characteristic (|5.13|) admitted by ^> AA are given by (|5.41|) with 
r = s/2 — 1, where ^%c'["--cl + \ 1S a Killing spinor as above. 



Hence, the mappings (|5.40| ) and ( |5.43|) provide an isomorphism ~ @™ =0 K,f +1 . Thus 



by Theorem 5.5 and Lemma 5.10 the currents in Theorem 5.8 comprise a basis for V w . 

Next let ^ AA> be any of the currents (g7g) , (|CT|) , ( p^TD , ( gjg ). We see by Lemma 5.1 
that the highest order terms in the spinorial characteristic ( |5.14j) admitted by ^> AA are 
given by ( |5.38j ) with r = (s — l)/2, where ^^/b'cvd'cJ - c^ 1 1S a Killing spinor as given in 
Lemma 5. 10 (ii) and £a^c[ C c{ = ®- 

Hence, the mapping ( |5.43| ) provides an isomorphism V w ~ ©l.=o 2 '/C 2r _ 1 3+2r . Thus by 
Theorem 5.5 and Lemma 5.10 the currents in Theorem 5.9 comprise a basis for V~. □ 



C. Classification algorithm 

To conclude, we remark that by Theorems 5.4 and 5.5, and Lemma 5.10, there is a 
simple algorithm for writing any given quadratic conserved current of Maxwell's equations 
explicitly as a sum of currents (|5.31|) , ( |5.32|) , (|5.33|) up to a trivial current. Let ^ AA be a 



quadratic current of weight w > and proceed by the following steps: 



[i) Calculate a spinorial characteristic Q AA , for ^> AA by ( |5.29| ) 



A' 

(ii) Calculate the spinorial curl D^ C Q A ^ A , and equate its highest order terms to expres- 
sions ( |5.39| ) or ( p.42| ). There are two cases to consider: Let q denote the order of the 
curl expression. If q is odd, the highest order terms must match ( |5.39| ) for some Killing 
spinors £^^/.^f and k^b/cwc' —C with r = (q — l)/2. Then $? AA is equivalent to a 



sum of quadratic currents ( |5.3 1| ) and ( [5.33D of weight q — 1 plus lower order currents, with 
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the Killing spinors £, ( v . . . , ( 2r in (|5.31 ) and the Killing spinors k, ( v . . . , Car-i * n (15 33 
given by a respective Killing spinor factorization of C%c'..-c^ anc ^ k ^'b'C^d^c'—C' t as * n ^ ne 



proof of Lemma 5.10. Similarly, if q is even, the highest order terms must match ([5.42 ) 
for some Killing spinor ^^c' C c' +1 w ith r = q/2 — 1. Then ^> AA is equivalent to a sum of 
quadratic currents (|5.32|) of weight q — 1 plus lower order currents, with the Killing spinors 
£, Ci> • • • j C2r+i i n ( |5-32| ) given by a Killing spinor factorization of i^c'-c^ 1 as ^ n ^ ne P ro °f 
of Lemma 5.10. 

(iii) Subtract from \l/ the quadratic current of minimal weight wq — q — 1 determined 
in step (ii) and repeat these steps until q = 1. 

By steps (i), (ii), (iii) we have expressed ^/ AA as a sum of quadratic currents ( |5.31D , 
( |5.32j ), ( |5.33|) of minimal weights at most wq plus a trivial current. 



VI. CORRESPONDENCE BETWEEN TENSORIAL AND SPINORIAL 

CURRENTS 

A. Currents 

In this section we show that the tensorial currents in Theorem 2.1 span the vector space 
of equivalence classes of quadratic currents in Theorem 5.4. 

Let ^ = e^ AA ,C, AA be a real conformal Killing vector, and let Y^ v = e^ Aj4 e vBB 
(Y A>B ,e AB + ^ AB e A'B>) ^ e a rea ^ conformal Killing- Yano tensor. Let F ^ u = e AA e BB 
( ( t ) AB e A'B' + ^A'b^ab) b e a solution of Maxwell's equations. Write 

= (prX 5 )> AB , ^n ] A , BI = (prX 5 )> A , B „ (6.1) 

and let = {£ v . . . , £ n }, £i = • • • = £ n = £, denote the set consisting of n copies of a 
conformal Killing vector £. Then we have the identities 

U A A& +1) ] = V aa ,[k,^] = V aa ,{^-k). (6.2) 
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One can verify by a direct computation that the spinorial forms of the currents Q2.22|) 
( [2.23Q , ( p.24| ) are given by, respectively, 



< )aa \f- o = u A B ^ in+1 ¥f )A ' B ' + u A B [& +1) }<Pf )AE \ (6-3) 

ff )M '(F; = 2iUU& +2) ]^ )A ' B ' ~ 2i^V n+ M" )AS ' ( 6 ' 4 ) 

^ )AA '(F^,Y) =8Vi[^& +1) ]4 l)A ' B ' + 8^'[ K ,e (n+1) ]4 nMB , (6.5) 

where k a , b , c , d , = 3Y \ A , B ,Y c , D ,y 

Proposition 6.1. The currents ¥™ )AA ' (F;£), m^ )AA ' '(F;^), ¥™ )AA> (F; £,Y) admit 
spinorial characteristics ( \5. 6j ) given by, respectively, 



Ql ) AA^} = (-^U AAI [^ 2n+1) ], (6.6) 



Q(n)A^[e] = (-i) n 4if/ AA ,[e (2 " +2) ], (6.7) 



II 



qI)aA^y] = (-1H6E j- \ w v A AW a K,Z (2n+1 - a) ]- (6-8) 

a=0 \ 1 a )- a - 

These characteristics are adjoint symmetries of order q T = 2n, q z = 2n + 1, q v = 2n + 2, 
respectively. 

Proof. 

The calculation of each characteristic is similar. We will prove ( |6.6p and omit the proofs 
of the other two. 

By Lemma 5.1 and equation ( |5.6|) , the spinorial characteristic of current (|6.3| ) for n = 

T 

(O)AA' 

D AA ,^>-(F;0 = 2U AA ,[i]A™ + 2U AA ,[$A™ +D AA ,?r, (6-9) 

where T AA is a trivial current. Now, by replacing (p AB by (p^ AB in ( |6.9|) and then using 
equations (|6.1|) and ( |6.2|) together with equation (|5.5| ), we obtain 

D AA ,^ )AA \F-i) 

= 2U AA \^ n+1) ]( W ^) n A AA ' + 2U AA '[i {n+l) ]{ W ^) n A AA ' + D AA ,T AA ' 

= 2A AA \-£frU AA ,{^] + 2A AA \-^) n U AA \^} + D AA ,Y AA ' , (6.10) 
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T 

is Q( )Ayi'[^] = 2^aa'[^] an d thus we have 



where T AA , T AA are trivial currents. By a repeated application of Q5.22 ) and a comparison 
with (|5.6|) we conclude that ^>^ AA admits the spinorial characteristic ( |6.6|) . □ 



Lemma 6.2. The currents [f , Ci, • • • , Car]; ^z* % &> • • • > Car+i], K &>■••> Car+i] 
/or r > are, respectively, equivalent to a linear combination of the currents 

4^'(F;C), ^ )AA \F-X), ^'(FiC.y), 0<n<r, (6.11) 

involving a sum over conformal Killing vectors ( and conformal Killing- Yano tensors Y for 
each n. 

Proof. 

The computations to prove the equivalence are similar for each pair of currents. We will 
prove the claim for the pair 

$^'[6, Ci, • • • , C 2 rl> Vt )aa '( f ; and omit the other two - 
The image of the current $ AA [£, ( v . . . , ( 2r \ under the map (|5.40|) is the Killing spinor 

£(c Cwi ' ' ' ^2rc 2 r r ) which is a symmetric multilinear expression in £, Ci> • • • > C2r and hence can 
be written as a linear combination of powers of Killing spinors of the form g^, g^} ■ ■ ■ g^ 2 2 r \- 
Thus by Theorem 5.5, there is a linear combination of currents [o < - 2r+1 - ) ] that is equivalent 

AA f 

to the current $ T [£, ( v . . . , ( 2r ] up to a current of lower weight. Hence, by induction 

AA f 

on r, we have that for all r > the current $ T [£,Ci> • • • > C2J ^ s equivalent to a linear 
combination of currents $> AA [g^ 2n+1 ^], < n < r, each of which is equivalent to a multiple of 
a current (|6.3|) by the relation Q^-^/ [f?] = 2(— l) n Q^ A , [f/ 2n+1 )] and Proposition 3.1. Thus, 

A JO 

the current $ T [£,Cd • • ■ > C 2 r] ues in the equivalence class of a linear combination of the 
currents ^% )AA ' (F; (), < n < r. □ 

We conclude with the following Proposition whose proof is immediate. 

Proposition 6.3. Under the duality transformation (U-@l) , the currents (F; £), 

¥z )AA '(F;0, * { v )AA '(F;£,Y) transform as 



45 



B. A basis 



Here we present a basis for tensorial currents given in Theorem 2.1 by using the basis 
for the spinorial currents given in Theorems 5.8 and 5.9. 

First, by fixing a spinor basis {o A , l A } we obtain a null tetrad basis for vectors in 
Minkowski space, 



nil a A -A' n a A-A' 11 a A— A' -U a -A' A 

t = e AA iO o ,n = e AA ,t i ,m = e AA ,o i ,m = e AA ,o i . 



(6.13) 



A A 



Products of the basis spinors o , t yield a basis for complex skew-tensors in Minkowski 
space, 



a v A B A'B' Ail v\ . ■ Ail v] 

e AA ,e BB ,o o e = t m + i * v m , 
^AA^BB'0 {A i B) e A ' B ' = &n ] + i * &n v \ 

il v A B A'B 1 [a _ v] . ■ [u _ v\ 

e AA ,e BB ,i ie = n m + i * n { m . 



(6.14) 
(6.15) 
(6.16) 



In terms of expressions ( |6.13|) to (|6.16| ), the basis ( |5.46|) to ( ^.50| ) for complex conformal 
Killing vectors and the basis (|5.51|) to ( |5.53| ) for self-dual conformal Killing- Yano tensors 
takes the form 



so,i 



so,2 ~~ " L ■> so,: 



- m 
m , 



0,3 ~~ 71 i 



g 1 = x v (l + i*)e ]M m vi , ^ 2 = ^(l+i*)fV, tf 3 = x u (l + i*)m l »n 



4 ~~ X V 



£11 

si 

*U IL n V 1 V nU j-IL IL V 1 V IL 

H x = xTx v l - -x x v iT, ^2,2 = vx v m - -x x v mT, 



IL — V 



V — fl 



IL V V IL 

— ry 1 nn ty\ ry> ry> nrt ' 



(6.17) 
(6.18) 
(6.19) 
(6.20) 
(6.21) 
(6.22) 



and 



Yq\ = (1 + i*)£ [ V ] , Y^ 2 = (1 + i*)iK v] , F^ 3 = (1 + i*)n [M m H , 



= (1 + i*)x [f "f\ yf 2 = (1 + i*)x lli m 



(6.23) 
(6.24) 
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Y^ 3 = (1 + i*)x [ ^m u \ = (1 + i*; 

F21 = ^^(l — i*)^Tn^ — x v x a {\ — i*)£^m^ + -^^O- ~ i*)^m^. 
g = x » Xa (l - i*)e [u n u] - x u x a (l - i*)&n a] + \x 2 (l - i*)&n\ 



Y 

•sruv ri /-, ■ \ - \v a] v /-, . \-[u it] , 1 2/, . \ _ [u lA 

I23 — x x^l — i*)m n — x x a (l — i*)m n + —x (I — i*)m n . 



(6.25) 
(6.26) 
(6.27) 
(6.28) 



Note that, geometrically, the Killing vectors ( |6.17| ) to ( |6.22| ) describe 4 null translations, 6 
null boosts, 1 dilation, 4 null conformal transformations. 



Proposition 6.4. Let £3 denote the conformal Killing vectors in ( \5. 5TQ to ( |5. 6(\ ) and 
( \5. 79{ ) to ( \5. 82\) written in the tensorial form (\6. 1 1\ ) to \6. 22\ ), and let Y i denote the confor- 
mal Killing- Yano tensors in ( \5. 7Q ) to ( \5. 82\ ) written in the tensorial form ( \6. 23^ ) to ( \6. 28j ). 
Then the tensorial forms of the currents ( \5.5lj ) to ( \5. 6(\ ), ( \5. 79j ) to ( \5.82\ ) are, respectively, 
given by 



K = F"F® QCri - 7 F ™ F % Ki> • • • , QtiLi + cc 



va 171(9) 1 



v° 771(g) [ 



= F»°*F^ fa, . . . , QC q+1 ~ *F^F^ . . . , QC q+1 + cc, 

= i F ^*F% [e lf . . . , qc q+1 - i*i^Fg . . . , gCi + c - c - 

*Jv = ^(^Fgtd, • • • ,^})Y U ^ + ^\{D U F^ . . .,^})Y^ 
+\F ua F%[^ . . .^dTY™* + fF^F[%, . . .^dX^ + cc. 

Kv = ^a(D"F%[^, . . .,Z^)V™* + ^K(D U F%[^, . . . ^ q _ x ])Y^ 
3i 



^i7 1) [e i ,...,^ 1 ])^ /? + 4F^(^* 

g- z/cr " q/3 LSI) • • • 1 ^q-l\ u 1 5 c a/3 - - - 



rUaa/3 



,(9-1) I 



-V ~ L± va\^ ^ A af3 LSD • • • j Sg-lJ^- 1 "T (7 V- Lv i/' , ~- t a/3 L-»u " " " J "sg 



(6.29) 
(6.30) 
(6.31) 
(6.32) 

(6.33) 

(6.34) 

(6.35) 



+ Ki, ■ ■ ■ , ^J^F^ + ^F^*F^ & , . . . , ^i]^ 1 ^ + cc, (6.36) 



where 
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(6.37) 



1 _ o V s(!) s (2) r s(l) r s(2) J? / 1 s(l)r r s(2) J 



s€S 2 



^2 I ItA 1 2 • 

.Here c.c. stands for the complex conjugate of all preceding terms in an expression. 



(6.38) 



The proof of Proposition 6.4 is a straightforward computation and will be omitted. 

Now, by converting the basis of currents in Theorems 5.8 and 5.9 into tensorial form using 
Proposition 6.4, we obtain the following tensorial basis for the vector space of quadratic 
currents V = V © V of weight at most w. 



Theorem 6.5 A tensorial basis for V w is given by the set of all currents (\6.29j and ( 6. 30\j 
for < p < 2q + 2, q = 2r , < r < [w/2], and ft6J]\) and rfOIj ) for < p < 2q + 2, 
q = 2r+l,0<r< [(u> — l)/2], in which the conformal Killing vectors are given by 
the count formulas ( \5. 61\ ) to ( \5. 73\ ) indexed by i,j,n,n' satisfying ( \5. 5$ ) and ( \5.55] ), with 
currents (\6. 3Q ) and ( \6. 32J restricted to i ^ j or n ^ n' . A tensorial basis for V w is given 
by the set of all currents ffT33\ ) to fttUBj ) for < p < 2q + 2, q = 2r + 2, < r < [w/2] - 1, 
in which the conformal Killing vectors and conformal Killing- Yano tensors are given by the 
respective count formulas ( \5. 6\) to ( \5. 73j) and ( |5. 83\ ) to ( \5. 9Q ) indexed by i, j, k,n,n' ,m,m' 
satisfying ( \5. 74) to ( \5. 7% ), with currents ( \6. 3 A ) and ( \6. 3o\ ) restricted to i ^ j or n ^ n' . 



We remark that the tensorial basis currents in Theorem 6.5 can be expressed as lin- 
ear combinations of the currents in Theorem 2.2 by the procedure used in the proof of 
Lemma 6.2. 



VII. CONCLUDING REMARKS 

In this paper we classify all local conservation laws of Maxwell's equations in Minkowski 
space in a systematic fashion by classifying their characteristics. Even though Maxwell's 
equations are a degenerate system of PDEs, we are able to establish a one-to-one correspon- 
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dence between classes of equivalent conserved currents and classes of equivalent character- 
istics. We find the characteristics by solving the adjoint symmetry equations of Maxwell's 
equations by means of spinorial methods, leading, essentially, to a one-to-one correspondence 
between classes of adjoint symmetries and Killing spinors of certain type. Interestingly, we 
find classes of adjoint symmetries that are not equivalent to characteristics and hence do 
not correspond to conserved currents. We also identify a recursion structure within the 
spaces of adjoint symmetries and conserved currents which is induced by Lie derivatives 
with respect to conformal Killing vectors. The use of spinorial methods allows us to obtain 
all conserved currents explicitly, in a unified manner in coordinate invariant form in terms 
of Killing spinors, and this leads to the identification of new chiral conserved currents along 
with an associated conserved tensor. In addition, by means of a factorization of Killing 
spinors in Minkowski space, we exhibit a basis for conserved currents of any order or weight. 

Moreover, our classification extends to conservation laws of Maxwell's equations 
V^F (x) = and V M *F^(x) = in a curved background metric g . Here and * 
stand for the torsion-free covariant derivative and Hodge star operator associated to g . 
All local conservation laws continue to arise from adjoint symmetries of Maxwell's equa- 
tions through the integral formula ( |3.11| ). The adjoint symmetries can be obtained in a 



straightforward manner in spinor form and involve Killing spinors of the curved metric. In- 
terestingly, the Killing spinor equations now possess integrability conditions which lead 
to restrictions on the curvature tensor of q . Furthermore, additional curvature conditions 

flu ' 

arise from the determining equations for the adjoint symmetries. 

Consequently, non-trivial conservation laws of Maxwell's equations exist only for certain 
classes of metrics g . A complete analysis of the curvature conditions will be explored else- 
where. Of particular interest is the family of black-hole spacetime metrics, since Maxwell's 
equations admit non-trivial symmetries ]2l] in addition to the symmetries due to spacetime 
isometries in the Kerr spacetime metric. The methods of Sees. [TIT] to |V| can be expected to 
resolve the issue of whether Maxwell's equations possess corresponding conservation laws. 

The relation between the local conservation laws and local symmetries of Maxwell's 
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equations, in flat and curved spacetime, will be explored in a subsequent paper [p 



Finally, our methods can be extended to the analysis of local conservation laws of other 
physical field equations, in particular, the linearized gravity wave equation on flat and curved 
spacetimes. 
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